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In the year 1958 Friedberg showed that ithere sare maximal sets

and aenswered with this a question of Uyhill from the vear 1956,
Ihis result-and at this above all the method of the construction
were very important for the theory of recursively enumerable
sels. Since this time the maximal sets, their properties and the

~constructicn principle of these setls as well as generalizations
of the maximal sels were investigated in many pap
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the relationship with these notions were analysed. Thus the
maximal sels belong to those recursively enumerable sets whic
are at most invesltigated .

In this paper will be given & representation of all known

{by the author) results on maximal sets in a2 systematical order
¥

but without proofs, together with new resulis. It will be done
2 b

4 first survey about the maximal sets and their properties
inside all recursively enumerable sets was given by Logers in /Ro

Chepter XII 1in the yesr 1965, But in the last 20 years there
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For the representation of the results in this paper a lot of
notions and symbols are necessary. The most fundsmental and
in many places used are given here in the beginning of the
paper. ’7 )

- We use. the usual set - theoretic notions n, w and \ for the
intersection , union and difference of two sets respectively
and ¢ for the inclusion between(;cwo sets. If x is an element
of the set X we write xe¥ » | |

If ¥ and ¥ are sets then with X xY we denote the set of pairs
of elements of X and ¥ ( XxY = {(x,y) : x€X Aye¥3) .

In stead of (X x (X *...(XxX)).o)) - n times the product of X
we write ™ and for the elements of* Xt (Ii"°"xn) °

W is used as the symbol for the set of natural numbers i.es
§0,1,2,... } and. P(w ) for the power_set of « (. in
general ®(X) - the power set of the set X )..
¢ means the empty set . X is only used for subsets of w and

denotes the complement of X R

Let ¥ and Y be two subsets of w . With ’X Y we denote the
set ' =

fon :nex} vion+t : nev} | | .

Let m and n be two numbers’with m<n . With [m,nl , [m,n) ,
(m,n} , (m,n) we denote the sets

{1 : mslsn} , f1 :ms1<n} , {1 :m<lsnf?

Tespectively, S .
A subset X of @ is called initial set if X = [0,n] for

some n or if ¥ = @
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If ¥ is a set then with card(¥) or also with }X] we denote
the cardinality of X ( i.e. IXl = 0,1,2,.0. , §X|<® nmeans
that ¥ is finite , |X| = © that X is infinite , JXI = @
that ¥ 1is countable and [X| = 2%% that X has the cardina-
lity of Continuum ) . ‘

Wi@h maxiXi , for finité sets X , we denote the greatest .

element of X { max!ﬁl {.O ) .

If X¥e¥Y with ¥Y\NX infinite we write shortly X €e Y . If
P is any property defined in P(w) we ‘say that a set-ig
¢o-P- if the complement of this set has the oroperty P (e.g.
cofinite , coinfinite and others ) . .

Tin measns the class of finite’ suosets of & and Cof the class
{x e P(w) : X€Pin ¥ .

If X 1is a subclass Of ?(w) then ¥° means the class
”}QUCof . " o ' :

' The equality beéetween two sets modulo finite differences plays
.an important role in the paper. We write for two sets
X ,7 € Plew) X =%Y or X=Y(mod Fin) if (X\Y)w (¥\X) is
a finite set ... \ .
X ¢¥Y means that X € Yv?Z for some finite set 2 or equivalent
that X\NY is finite . ,
The relation = =% is an aqulvalence relatlon in ewvery subclass
% of ®(w) . Denote with * the equﬂvalence class resp.
to =¥ including ¥ and with ¥¥the class §x¥*: e §.
Observe that for ¥ € P(ew) , ¥¥<¢ T ¥(w) means that every
equivalence class of %% is closed under = ¥ , i.e.
XE€EX AX=¥Y — T e¥X .
| (Instead of n* and U*we write only n and v resp. ) .

S

Let f be a partial function from ¥ into a set Y .

dom(f) denotes.the set of tuples from X' for which f is
defined and 1rg(f) the set of elements of Y which are ranges
of tuples from dom(f) by f . f£}1X means the restriction
of the function T to the set X. |

IL.et R be a relation in wk . With CR we denotée the
characteristic function of R , i.e.



0 : R(x,,...,xn) holds

Cp(Xypensyx ) =4 a
= 1 : otherwise -

(We identify subsets with the unary relations corresponding
to these'sets and write C, for X g P () . |

If Pqi; a partial function and x a number , then we write
CPpx)} if P is defined for x .

Let ¢, and Pz " be two partial functions. The relation
between both is defined as follows : P,(x) CffDZ(x) means
that either both are defined and then Pi(X) = P,(x) or both
are not defined . \

If f and g are two functions , then f@g is the function
- N d - (‘ @« o K " N (

g(k)v : 2k = n
(f@g)(n) = |

N N

£lx) 2kt =n T ) .

D T s SR SR T G A e wo0n e KN et e T GO s

~We shall use in the paper also a lot of recursion theoretic
notlions , symbols and results . For this reason the mostly
used notations together with few basic regults from the
recusion theory will be given here .

2.1 ( Basic notionsg) The fundamental class of sets , which is
regarded in the paper is the class of recursively enumerable
sets . Fbr/recursively enumerable we write shortly r.e. . For
the lattice of r.e. sets we use ithe symbol £ .

If 8 is a distributive lattice with O and 1 elements , then
with é@r we denote the sublattice of ¥ consisting of all
elements having a complement in ¥ . :

Well~known is that gr,consists exactly of all recursive sets.

Let X and ¥ bewr;eQ sets with Xe¥Y , With g(XgY) we denote
the sublattice of € consisting of all r.e. sets laying be-
tween X and Y . For E(X,w ) we write shortly §(X) and
for $(g,%) the symbol EIlX . | , <

By meaning of §(X,Y) and the relation =% we can défine
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the following factor structures :

Cowe o aw ]
g%, £%, €, €0, ¥, gk,
: i
eXe, 1), EX(x,Y) .

Behind cofinite and coinfinite the notion co~-r.e. also is
oftenly used . By the arrangement a set X is co-r.e. if X
is a r.e. set . ‘ ’

We write X ® Y for two sels X and Y if there is a recﬁrsive
permutation of &  with @(X) =Y and Xs¥*Y if X= 2
and Z=%Y for §9ﬁ1e set Z .

2.2 ( Pairing function) If (xo,.,.,xn”‘) is a sequence of

numbers , then with <XO,.;.}xn_1ﬁi we denote the sequence

number of this sequence and converse for numbers a and 1 we
write (a)i for the i-th element of the sequence connected
with a (e.go ( <n,m>)_0 =0, ( <n,m>)f =m ) .

Not every number is a sequence number , but we claim that (a);
is defined for all a and 1 .

‘2% ( Recursive arrays- ) A sequence of r.e. sets (U_)
n‘n%o

is called recursive array -if the (binary) relation

{(x,n) : x €U, , 030% is reee o -
We say that a recursive array (UnEnJ;o satisfies the

- Theorem if u is " univers res to recursive
Smn © + ( n%lbO al Po

embeddings " , i.e. if for every recursive array (Vn)nzio
there is & recursive function £ , s.t. V, = Upgyy for all
nzo .

Recursive arrays satisfying the Smﬂ“ Theorem: are called

acceptable_arrays or also gtandard _arrays . For such

e W D Mo - T

. g R WO S e, SO Y s, s 5 oD

arrays important properties such as the Recursion Theorem are

satisfied.

with (W), , , we denote an acceptable array . {(Since all
G

acceptable arrays are recursively invariant, the choice of

PRI . .
~ 1is not important
(Wo)q o T T ) -
A recursive array (Uh)rl,g is called digjoint if all sets
(4 .
U, Gm»(mﬁm) are pairwise disjoint. Further we say that

U « Tl g - Sy 17 ¢ o R: g
(}1%1%C> is a finite array if 211 U < are finite .



ub_45 iﬂ&»ﬂ

£ o~ [ < 3 1 1 ot 1 i 3
A sequence of partlgllrecars;ve 1@nc?10ns/k(i>i)ia o 18
called a recurgive f-array if the function P with
P lx,y) & Fx(y) 1s partial recursive .
Analogously as for r.e. sels there are also recursive f-~arrays
which are universal resp. 10 recursive embeddings. Denote with

an _acceptable f-array. Then al
(¢ o, o 2n acces e y- Ther (€lesno S0
satisfies the Recursion Theorem , see e.g. /Ro,Chapter XI/ .
We can claim that W_ = dom(y ) for all ezo .

Simultaneous enumerations of recursive arrays
Let X be an infinite r.e. set., 4 function g is called an

{

enumeration of ¥ 1f g is recursive, injective and rg(g) =X.

D s s s TR e W T e, SO T o s

We say that the sequence X.,X,,.s. is an enumeration of X
5 g 0?1
if the function g with g(n) = X, is an enumeration of X .
(If X is finite , then an enumeration of ¥ is a(n) (avbitrary)

of all elements of X without

finite sequence L SPE SETERRE S

repetition.: ;

Let (U,),,, be a recursive array . Then there are recursive
n =

functions g , s.t. for every pair (x,y) with ery sy Y2 O
the number <x,y> appears exactly one time as g(z) for some

Z P B : o N ’ N B 7

Such functions are called §i@ultaneogs enumerations of

nlnso .

a

Let (U be a recursive array and g a simultaneous
n'ny o

- enumeratien of- . With 1 w n he ~
enumeration of (Un)na o W Jn s e denote i set

¥
fx: (3t<s)((gt)) =x A (glt)); =n3 o
In the most constructions of r.e., sets the used simultaneous
enumeration of (U) ( in particulary for the array
% ;
(Ne)ezC)
in point 3 the properties of the used recursive arrays and the

; ns o
) is not important. But for the automorphism proof

simultaneous -enumerations of these arrays are essentional .

~ : : « o) =1
Let K0k11X1 y ove 3 K1_4 be r.e. sets_and,(Un)n; 0? (Un)n;:o’
LI (Un )n?}o .

be recursive arrays . oo
We call a function g simultaneous enumeration of these sets and
arrays if g is injective ; - = T

D -

(Vx)(Vy)( xeX. s <x,7,0>crele) )

y



(V) (Vi) (V2)( xeUl = ¢x,y,2¢1> ergle) )

holds and every element of rg{g) has the form <«x,y,i1d,

(120 Aﬁc&}{y) v (il J\X&U;H ) o

Let g be a simultaneousenumeration of r.e., sets and recursive

el . .
Arrays up] ’ : 1 ne of th arra .
Tays . Suppose (Uh)n.bo 8 one o ese arrays

We indroduce the following notations

U; o Ug :,{‘“ : <x,n,i+! > 1s earlier enumerated by
g as-'¢x,m,i+1 > }

ol i_ i_ 4 i | |

Up ¥ g Up = ¢ Un*°g<Uma)" n ’ -t

2.4 (Simple sets , llg sets ) One fundamental subclass of ro.es
sets is the family of the simple sets. We use the symbol ¥ for
the class of simple sets.

s e a Gts Gy e e T b b D e e M s ol

A simple set S 1is called Post's_simple set if
(VeX (Ix)( xeW_ A x>2e ) —+ W NS EF) .

Simple sets with this property have sgpecial properties which
are used in some places in the following .

Behind the partial recursive functions and the r.e. sets for
the presentation,offtﬁe results we need still more general
objects , namely the arithmetical functions and sets.

One class of arithmetical setls and a way of representing these
is very oftenly used in the proofs of the Theorems in this
paper. |

The next more general class of the class of r.e. sets is the
class of zxg sets .

A[sub§et X of w is z&gcif there are gegq:s%vg relations R
and Q@ , s.t. o

neX e« ("Fx)(Vy)R(n,x,y)

ngx e— (IFx)(VyQln,x,y) .

k ¢
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“is well-known

recursive with

The following equivalence to the definition
2-ary function-g ,

also of r.e. sets .

Instead of finite Ol=-sequences we also say , Ol-words, strings.
2<% (i.e.

816{03'1*3 ? nztfuv { 3@} »

or states (depending of the manner of use) .
The set of all finite Ol-sequences is denoted with

X € Ag iff there is =&
rg(g) Q{O;IX » Selo
n ey & (BSO}(VS>SO)( g{x,s) = 0 )
n g1 «~—s (Q)SQ;’){VS >SO)F g(x,s) =1 ) .
3. Fipite Ol-geguences
A fundeamental tool for the whole recursion theory are the finite
sequences consisting of O and 1 together with theilr properties.
These objects and the relations between these are very
obviously and those they are oftenly used in constructions , e.g.

25 W = ~{(ao,~al-,...,an__g) :
where @ 1is the symbol Ffor the empty sequence) »
As variables on the set 2<% we use small greek letters :
B, Y, V,..., 8,6,,... . o
Let 6 ¢ 2<% ., Hence 6 = ( CO, {;']’__‘,, Gk ) for some k=21
or & = ¢ . With lE'lf we denote the length of § . Thuslfl =k
1=0,1,00e,k=1 . If 1161,

for
we denote with ¥ (i.e.

(G!o‘: g ) .
< w

(191 =0 ) ana (i) =F
(B reeer Gyy)

then & 11 =
The combination of two members of 2
ir & = (go"”’gk-ﬂ y T= (T yeee, Ty ;) thenbxTis
?:o”"’ El-?”’ In particular we have the
combinations €¥0 anaB®1 for every §e2<% .
£ <o with
. Let 6 € 2% [ TL6]

(go,»oo,gk_l,
4T ror 5,T € 2<* npeans that there is a VE?2
ExJ = T (G is an initial part of ¥ or equivalent 6 = Thifl ),

Lexicographically order of

Denote with J the system (2%%, %)
means the set § T 2<% : 62 ¥3F |
24:»3 _
We define a linear order in 2<% which is called lexicogra-
and is denoted with <™ ., Let

. Tar WOR e e e T -



g
g' = {%‘;O, g’-},aoo, g, 45) and r“" (r Ij,eoo\, rlq}) be
elements of ""w ® €"<*I' holds if

(k<l) v (k=1A(Fick)(EIi =¥)i A §(1)=0 A
TE)=1 ) ).

Thus 2 <¥0 %1 <¥*00 <*01 «¥10 <¥... .

By using <¥we can define a blgectlon between 2‘” and & ay

Y —--b ﬂard({'f T<*8}) .,

Let S‘ be the range cw“ S’ and st? be the element of 2<%
having n as range . ) |

This bijective mapping allows us alsoc to speak about recursive
functions from 2<% in 2<% or from 2% in o and about T.e.
sets in 2<%  as also about Eg sets in 2% “ror n=2,3,...
when' we replace Tego<w by E’&w.

We use the finite 01-sequences y their properties and the
relations between these in the. following different : ways :

1) (Coding sets of numbers). A subset SL of 2% is called
“branch if & £ @ and

e . oY omn age yee.

e ATxE ., — FGJZ.

Q’e;‘l:—q ((F¥0&8L vE X165 ) A
vgr(iB"uxo &2 ’\ Exrel ) ) .

- Every subset X of %) corresoondg in a unlque way to a branch
of 2<W

Let xTe P(w) . Then %‘(x) means the branch
%ez‘“ =g V(V:_-: !5‘3)( Q(n +—+ i€X)3.

with & (X,n) for X &P (¢0) and n g we d‘e‘notye the (unique)
string ¥ with T €8 (X) .and {ZTl=n .

ii) (Enumeration measure) ., Suppose there is given a recursive

array (Un) together with a simultaneous enumeration g of

n%o

(Un)na o + Then it can be defined a _s_}ggg_;‘gggg}_on st with

three variables by



-G - -

st(x,n,s8) = & with 16l =1 and for i<n
E(i) = 1 aeems x:&Ui,é

(where Ui’S' is enumerated 5ycg ) e

We see that
st(x,n,s) «¥ st(x,n,s+t) : .

Denote with st(x,n) the final state, 1l.e. limSSt(x,n,s) .
Hence

st(x,n) = § iff 16l=n A(Vi<n)(F{E) = 4 x eU. ).

net’) from 2“"’9 . With NAW(E) we

Let ET: ( 50, g‘f""”g
denote the set

E(o) -« « o G(n=-1) ~ 0 _ o
QWQ M ees r“ﬂfvm_“__1 1 (vWi =W Wi d;w. )

This abbreviation will be used later in few places .

iii) (Arrangement of numbers). There are constructions of r.e.
sets in whiech in the beginning the numbers are placed on‘“the

o<W 2<W 45 of @ subsetl

elements of o { To every element of
of 2<% exactly one number) and while the construction the
numbers are moved from one element to the second one.

In other,wordg, in the beginning a function from 2<% onto w
is defined (such functions are called number trees) anfin
every step of the construction a new number iree is defined by

using the preceding one respectively to special rules.

This is oftenly a very usefull method to ensure that the
constructed r.e. set has the desired properties. ( For one
application of this see e.g. /La,68a/. In this case we say

strings for the finite Ol-sequences.

iv) (QObjects for themselves)In the first three cases the finite
_01-sequences were connected with the numbers. But these objects
for themself together with =% are alsc usefull.



- 10 - _

Take T ( equal to (2<w,£g) ). We say that L Q;Z“wis an

GeA ASST. — T€A&
CyxoeA A Gxield. — E€a . .

(S0 e.ge A =98, A= TLEL A=2%%, ... are ideals in T e
if Al and A2 sre ideals then of course also Al nd, is it.
Denote with 4 , @ 4 ., the smallest ideal including both. Then
the class of all ideals together with O and @ forms a distribu-
tive lattice.
"v’leﬂ,‘csaj} {hat & subset A ‘of 0% poelongs to the class Zg if
i€ :6eAalis an Eg set .

Denote with ngl the class of Eg idésls 'with thé pperations @
snd N . . V

g“§ii5 a distributive lattice for n=1,2,... (Observe that

A 1@A2< also"is/ﬁg if A | and A2 are Eg 7 e

We need later in particulary g% for which we write 61 .

Logic

®
ot s 20

4
In =addition to the usual logical symbols the following
formulations and symbols asre still used :

We write " for almost all nn "..«P.se if a1l numbers except
o finite number of them have this property «..P... and use

the abbreviation

(W a.2.n)P ‘ - | | r o
The notation

(2 *® n)p

means that infinitely many numbers have the property P.

Further we write (¥Xr.e.) (for all r.e. sets) , (4 Rrec.)
(there is a recursive set) , (VT par.rec.fets) (for all

partial recursive functions) and so on .



We starti our 1nve%tlgat1cns on the maximal seis with the basic
construction of maximal sets-done by Friedberg. Since this
construction principle is used in all other special constructions
of maximal sets, it will be given a sketch of the proof,

Further we analyse this construction under differeni points of
view and give lattice theoretic consequences which follows
directly from the ex1stence .of maximal- sets. : .

In the second subpoint we desribe modlflcatlons of thls
construction principle. These modifications are used in Theorems

in which special maximal sets are constructed.

1.1 Definition and existence of maximal sels
1.2 Variations of the construction principle

. .
J N TP B

<

1al Definition and ex1stence of maximal sets .

» -

[ T

Dcflnltlon 1.1,1¢ A subget ¥ cf‘oo is called maximal if X
is r.e.‘ 001nfln1te and ‘

(Ve xsw, —+ (X =*w_ viu, =%)) .

This definition and the question for the existence came from
Myhill /My/ 1956. Friedberg showed 1958 in /Fr/ that there
are such special r.e. sets. |

Theorem 1. 2(4r1edber o) There are maximal setis

(SKetéh of the proof). The existence of maximal sets will be
shown by giving a construction procedure for such r.e. sets .
The construction will be provided stepwise. With Ms ~we denote
,the set which after s steps is already constructed ( Mb,is put
equal to @ ). In every step s it is known whether new elements

- 11 -
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come to M and which numbers these are or if not. From this

it follows that the set M &~;:€’MS is r.e. o From the
r'd
construction instruction given in the following it can be
proved that then M is maximal,
In addition to the set Ms‘ it will be still constructed in
s

every step a function n® . m°% will be a strongly monoton
e
increasing function with -rg(n®) = M, for every s3o .

step 0. Put M =48 and m°(i)=1i, igo .

step g+l: We assume that MS and ms are‘already constiructed
with the properties-mentioned above. '
Loock if there are numbers k , i and J such that

(1.1) (ksi<j) A st(m®(i),k,s) <¥* st(n®(j),k,8) ) - .

We see that the relation (1.1) is reeursive ( in k,i,j,s )} ,
since for alls the numbers x and y for which st(x,y,s) consists
not only of ¢ are known and these are finitely many.

If such numbers k , i and j do not exist 1et“’MS+1 = MS°'and
%) = ®{) for 211 i . |

But if there are triples of numbers satisfying (101)‘takekthat
triple among all those with the smallest i , for this i the
smallest k and then the smallest J - Let (io,jo,ko) be this
triple. \ ’ o '

Now we define

- Scs V1
Mo, o= u, v {n®Gi )}
ms*‘(e) = n®(e) : e € ié
= ms(eﬂjo—io)} : i ge .

The set. M ( =;:£Ms ) constructed in this way is maximal.

The proof of this is divided into two parts.

First it cen be shown by induction that limsms(i) exigts for
all i . At this it is essential that in (1.1) we have <« ¥(and
not £¥) and alsc that k€i<j . Since for all sufficiently
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large steps s+1 ‘m® (i) # 8%(i) implies

*"st(msii'},i;sf}‘ <¥8t(ms“{i),i,s+1) R limsms(i) musi exist .
Let " m(i) be the Limit number of w®(i) , spo0 . It is
‘obvious that the function m is strongly inéreasing and that
¥ o= rg(m) .

Next it can be shown again ‘by induction that for every e either
almosi all of the numbers m(o, , m(1) e~ Dbelongs to W, or
only frml‘te;y manJ of them are elements of “'Y .

We assume thgt this holds for all indizes 0O, 1,.,‘,e~? » Thus
for all, x>x m(x) have the same e-state for some X .

If there are numbers X%, with x <%,< x, ‘and m(x (JEV,

but B'L(Xg} EW then the triple (x,,e Xz) satisfies 1nf:z,n1.teily
often (1.1) . Thus for some s (x,,e,%,) must be (i,,k,j ). This
condradicts the assumption m(x,)¢W,.

Hence for all e

= % S . * o '
M & v N = .
W we\ M A “ye %) | |

But this means thst M is maximal. | a

For the class of 2ll maximal sets we use the symbol Max .

The existence of maximal sets has special lattice theoretic
consequences already mentioned in /My/.
A lattice is called dense if it holds

(VaX¥bl({ agc b =+ (Fc)('acecd) ) .

It is easy to see that E¥ is dense iff £ has no maximal sets
/Ro/,p.294 , Thus from Theorem 1,142 it follows that ‘£¥ is no
dense lattice.

Denote with JAA(E¥) the smallest Boolean algebra which is
generated from 8*( i, €. all Boolean combinationgof elements
of &®). |

The existence of maximal sets shows that & (B¥) is not
atomless. From this in ‘}particular it follows that & ( g) is
a proper subclass of the class of Ag sets,



Let ¥ be an infinite subset of w2 and! X ;X0 the sequence
of the elements of X in erder of magnltude, i, 8o X KXy R....
The functlon whlch 3531gns to the number n the element%xn is

called DrlnC;Odl function of X and is aemated with pX(n) R

S i o Y 0 Tk hke IR U WD e D TG T G IO 0 PN ey O e 0 ot

Observe that for maximal sets the number
ard({n :'¢C (mw(n) ) A Cy (pgln+1) ) 3)
) e

is finité for all e3Po and for the set constructed in

Theorem 1.1.2 this number even is bounded by 2@+] .

o
i

e oo s o 30 e v iy S e s s T s i S e -n—m—_-—_——-—

Game theory. In /La,70/ there was given & game theoretic

method for comstructing recursive arrays, The purpose of this
is to get an uniform way for proving elementary properties of
the lattice B .

Among others there also is given a game theoretlc description
of the construction of a maximal setl.

‘Splinter sets. If £ is a recursive function and n a number ,

ggg_g and write for thls set opl(f,a) . Since f is recursive,
splinter sets are r.e. o It is easy to see that simpie sets
cannot be splinter sets. Thus in particulary the maximal setis
are not splin;er sets.‘$n enalyse of the r.e. sets having such
a form is given e.g. in /Ul,60/. ' |

If we take functions from Ag then we get all r.e. sets ,see

Ranges of Tecursive functions. Every nonemply r.e. set is

equal to the range of & recursive function. Every recursive
function is finitely generated by thé well-known rules
(superposition, definition by recursion and mlnlmallzat1on .
starting from some basie functions). ;

A problem could be to find a generation of a recursive function
having the rangesequal to a maximal set. One way of finding

such a function could be a fine analyse of the construction



» Theorenm 1.1s2 .

Domain of a partial recursive function. Analogously to the

problem above is to find a partisl recursive function with the
~domain equal to a maximal set,

Connected with this is to describe a Turing machine such that
the set of (starting) words by which the machine is halting is
a maximal sel. '

Diophantic equations. An equation ﬁ(yi,,..,yn} = 0 1is
called digphantic eguation. if p 1is a polynom and all
coefficients of p are integers. | ‘
A problem is to find a diophantic equation p=0 , such that the

set
{n ew : (3 yz}(a y3)00t(a yk)( p(n’yg,XB, c»o,yk) = O)}

is maximel ( where 3 y; means " there is an integers y; " J.

Maximal sets_and the complement covering r.e. sets

00 e e S

Let g be a simultaneous enumeration of (W ) , _ and ¥ a
ra

maximal set conbtructed as in iheorem 1el1e2 by using g.

When it holds M,C*ﬁe for an index e 7 We give here a

sufficient condition for tﬁls.

Let gl be the string of the length 1 which is the greatest
respectively to <¥ inside the set

16 :18l=1 A (NG g M l is infinite % : .

Lemma 1.1%: 1) The strings @ , G

y 5yyeso form an
<w
infinite branch in (277, £ ) ,

0

2) TFor every e holds

v c¥ W iff

o .
-
Dl
.
o)
o
H
ok
®
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Criterion 1.1.,4: Suppose W, € (f\w(gg)qgm} . Then

(1.2) W, o 1 is infinite iff W _\M is infinite .

Without the assumption about. W, the implication from le®t to
right in (1.2) does not hold in general.

This criterion is used particulary in the proof of Theorem Be2+00

D o e T e A (D D T S PR

A subset ¥ of &2 is called cohesu' if ¥ is infinite and

(We)( X nth =%g vich, ) .

We see at once that a Qet 1s max1ma1 1ff 1t is T.eo and its
complement is a cohesive set. But not everv cohesive set 1s the
complement of a maximal set. Thus the theory of cohesive sels
is not identical with that of the maximal sets. Therefore the
cohesive sets will be analysed in general in point 10.

1.2 Variations of the construction principle.  The construc-
tion of maximal sets in Theorem 1.1.2 can be modified in
different ways. These modifications make it poseible that the
"constructed r.e. set has in addition to the maximality still
further properties.

We give in this point in general form few of these modifications
which are use in later Theorems about maximal setis.

.2.1 Let be given a recursive function F with F(n,s) & F(n,s+1)
and 11mSE‘(“,s)<w for all n®o0 . '
Suppose in addition to the construction steps in 1.1.2 we
provide additionally F(i) times ( F(1) = 1imSE‘(i,s) ) the
construction step R

i

bl
&‘s*- 1

(1.3) 2SN

Mo W {ms(i)3
n®(3) j< 1
= mS(j+1) : i ]

i
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for every 120 .
Since F(i,s) is recursive and 'F(i)<« for all i , the set
such constructed also is maximal,

Remark., In the construction of so-called hyperhypersimple sets
(for the definition of these sets , see 3%.4) in /La,68/ there
are used even recursive functions for which F(i) = 07 for some
i o In this case the construction with steps (1.%) gives no
maximal set. For functions F with F(i) = for some i-(-but
for infinitely many i F{(i)< @ ) the construction must be
changed to get a maximal set ., ' ’

¢

< { ¢ S

1.2.2 Let F be a function as in 1.2.1 . The ceonstruction of
Theorem 1.1.2 can also be changed in the following way :

We still require for the triple (i,k%,Jj) besides (1.1} that
( )

- Seey L tLY
Plk,s) & m~(i). . : o Py
Since F is recursive and F(i)<w for 21l i , nevertheless we

get a maximal set,
‘Obgerve that if F is recursive 'with F(i,s) £ F(i,s+1) +then
by applying the construction method 1.2.2 we get

(vn){ F(n) <& ) b M  is maximal

(3 n){ P(n) =W ) -p I is8 recursive .

- * ~ » N ? - “
This fact is used in 4.2.4 and also in 9.% .

PN

1.2.3 In a special construction of a maximal set in subpoint
4.% the elements of ﬁ; are net linear ordered (of order type

> ) but m® will be a partial function defined in w? with

4

AVINVI Vi i <ig A 5%, ). — 21,0 ).

4 . . . 541 .
In this construction the numbers are moved (i.e. ms # ms )
only if

st(m3(i,§),d,s) <¥st@®(x,1),3,s)
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for Jj<1 independent of i and k . )
If there is a function h ( not necessgry recursive) s.t.

(Vi (Vs) (Vi) n5(i, )% —s i €h(3) )

then the constructed set will be becsme maximal.,

1.2.4 A 3-ary function V is called priority function if

1) V is a recursive function _

2) V(x,y,2) & V(x,y,z+1) for all x,y,z

%)  V(x,y,z) £h(y) for all x,y,z (h is some bounding
function ) .

(-

An exasmple of a priority function is the function W defined by

¥ "isy} S »

Wix,y,z) = {297, xeW,
T ar | ’

If V is a priority function then it can be constructed quite
analogously as in Theorem 1.1.2 a r.e. set if instead of (1.1)

we take

(ksi<j ) A (V(E%(i),k,8) < V(m®(§),k,s) ) .

G cm o - ST T a0

is the same as maximal. This follows from the equivalence
st(x,m,s) <¥* st(y,m,t) @b T(x,m,s) < W(y,m,t} .

It can be shown that some , not maximal , rse. sets are
 V-maximal respectively to special priority functions V. ( 8.g.
 r-meximal sets or major subsets in /la,68a/ , for the
definitions of these sels see subpoints 2.% and %.4) .

\ ¢ s /
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In this point it will be introduced many different subclasses
ef,sfmpievsets\aﬁdipropérpies of different kind and given an
introducing analyse of them. Above all we are interested in
the-connection of these classes and”propertiés/to the class of
max1ma1 sets. - ,

The purpose of thlS is to glve an 1mag1nat10n of general
propertles of the maximal sets and of their position inside
the class of 31mple sets. In point 2.% it is given an
summarized c1a831flcat10n of all the subclasses and properties
in the preceding points investigated. Further some ‘of the
properties of the maximal sets given in this point are needed
in the proofs.of other Theorems about the maximal sets
mentioned in later points. :

o v o ¢

2.t ° Recursive arrays of disjoimt—-sets

" 2.2 Subclasses of simple sets and their relations
to the class of -maximal sets

2.3 Properties of the maximal sets , a classification
of the class of simple sets

2.4 Retraceable and regressive sets :

2¢5 Recursive arrays and,enumeration,brder

2.6 Speedable and levelable sets

24 Recursive arrays of disjoint sets. At first we give a
connection between maximal sets and recursive!arrays which
oftenly is used in the pioofs of Theorems on maximal sets.

\

- 19 - =
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Theorem 2.1e 1 {(Martin)/Ro,p.304/: Let ¥ be a maximal set and

(SH}H>'0 a recursive array of finite and disjoint sets. Then
> 0 £ .

(2.1) (Ma.aem ) IS, nll 1§ 1) .

If (Sn)é>-o ,includes also infinite sets, then either in
& - -— .
exactly one S lays M (mod “ln) or all sets WnS; are
finite and (2. 1} holds.

Let (Sn nmo De @8 in Lemma 2+1ol o Then of course for the
most n we navex SnnA = f o The set {n : Snf\kfi A9} can be

characterized cdmplétely by uéingﬁthe following Lemma :

Lemma Zelo Egdadan/Raolnson)/ﬁad Ro/: Let W be air.e. set and

(s.) a recuﬂ81ve ‘array of é15301nt sets. Then either
n'nPo. ;
1% There is a dlsgolnt recursive array. (m is o with
— ‘4 :
k/T = \J/ S; and T; nW #@ for al¢_1 or
o g A iz . 1 L -
2 There is & recurs;ve function g , sS.t.
(Vx)(xﬁs,,lnw —_— xggln) ) - for a.a.n .
T ,

Remarks 2.1.3. The proof of Lemma 2.1.2 alkows to conclude

stronger assertiions from which other facts follow,

1) If for infinitely many n the sets Sn;\ﬁ are infinite ,
then case 12 holds always ‘

2) If for almost alln lSnf\ﬁl is finite , then also if "1°

holds Tn}\ﬁ' is finite for almost all n,

In particular the second of the remarks is used oftenly in
proofs.

Corollary Z2.l.4: If M is maximal- and (s )n}o
array of disjoint sets then {n : “vInS #8 3 is finite or

a recursive

recursive isomorphic with M {(mod Fin) .

Thus starting from a maximal set M by meaning of recursive
sjoint sets we cannot construct new sets

i
S, #0835

arrays (S, ), . o
I

of
of the form in : ;
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Chargcterizes the property (2.1) exactly the maximal sets
(inside the coinfinite r.e. sets) ¢ In -the next'point'E.Q we
show that this is not so,

Let

1X r.e. : X is coinfinite A for all disjoint

>
A
i

‘ & . »
recursive arrys (q1%1§0 (Va.a,i)

( iS nxls 1)}

i

*s

A f = 4 X r.e. X is coinfinite A for all disjoint
<1

recursive arrays (S ) with

n ;53
/S5 2% (Va.a.id( ] 8 ;nklist )y 3o

&/

£
_ =
H g1 € g1 ° g
The relationship of the classes g4<1 and Jl<? to other classes
Ty Son"
of simple sets is given in the characterization in 2:%.4

By Lemma 2.1.1 we get Mex g A <1 and from the definition
A .

2,2 Subclasses of simple sets and their relations to the

class of maximal sets . We introduce in this point further

subclasses of simple sets and show their relation to the maximal
sets. Already from this we can see how various the simple sets
are and that the maximal sets form only a small - subfamily

inside ail 51mple sels,

2.2 Bua31max1mal sets c e . -

-....,-.-u—.-._. RO o " e Qo > ) o e e <o

Starting from the maximal sets it can be found easily a greater
.class od simple sets, Thus, e.g. if M-is maximal then” 'M@M is
not maximal but simple. This set belongs to the following
family :

Definition 2.2.1.1: A T.€. set A is called guasimaximal

T A e wom mn et i o~ o

(short , g-maximal) if A is 001n*1n1te and A is an union of
finitely many cohesive sets. (if A is & so-cagled guaslcghes ve

-

(g=-cohesive) set ). .
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The definition says just that A is g-maximal iff 8%() is a
finite lattice (with more than one element).

It is obvious that all maximal sets are g-maximal and that
all g-maximal sgets are simple.

Denote the class of all g-maximal sets with Qv . The class
QA M° forms a lattice definable filter in & and thus we can

. build up the factor lattice E/Qmo .

~

Remark. In every distributive lattice there is 2 smallest

~congruence relation such that the corresponding factor lattice

is dense (or consists of one element), It can be shown that
the lattice ﬁ'/’amcg still is not dense, see for this /Al/

The following Theorem gives an insight into the structure of
the lattice 'Tg which also has a consequence for the g-maximal
sets : |

Theorenm 2,‘231,2(Lachi;n}:/LaSBa/’: et 4 and B be r.e, sets
with A €B and B\A not co-r.e. . Then there is a recursive

array (S I %0 of finite and disjoint sets with S,n (BNA)

not empty zar all n and AvlU/{fs, :tnzo}=

Let & and B be r.2. sets with 4 €8, Then we say that " 4_is

- o Deah TR T A O S L

maximal in B if A g, B and for every C & £(A,B) holds

-

Corollary 2,2.1.3: If A ia maximel in 3 then B\ A 1is

CO=Tes o
Proof: Suppose not and let (Sn)n> o be as in Theorem
‘4
202.1,2 for A and B . Then A€o Av\/ IS, :n3 308$C 00 B,

Thus A is not maximal in B .

Thus if A is maximal in B there is a recursive set R with

AUR :;B s ) N o o N S

Corollary 2.2.1.4: A coinfinite r.e. set A is g-maximal iff

£¥%(4) is a finite Boolean algebra.
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From this Corollary follows that every g-maximal set is equsl
to an intersection of a finite number of meximel sets. The
smallest number of maximal sets whose interseetion gives this

g-maximal set is called the order of this g-maximal set .

S o (i = S ety e o W T o ST W i WY U e s o, e e s

The same analyse as at the end of 2.1 also can be provided for

g-maximal sets.

Thus for every g-maximal set A of order n and every recursive

array <Sn)nao of finite and disjoint sets there is & number

k with k<n ‘such that .
(Va.a.n) (] EnSni <k ) . .

~This result can be skill improved .

.. <
. L Wit . be a secguence of
"Let 1sol e <. <o, £n with Mel; g0 D & 864

-

&

numbers, Then there is a g-maximal set 4 of order n and

a recursive arrayg (Sn)n; , @s above-with as\U¢ Spt nzot

{in: [Ar\Sn§ = dtig infinite iff o = oéi s 1=1,000,k",
Denote with QMgx the g~maximal sets which are intersections
of pairwise not =¥~ equivalent meximal sets. (i.e. for which
oﬁk = 1 ). We see that the class QM £ % is a proper super-
class of WMax and is included in Ay .

acrnm————

— < a0 T D o WD . B NS W ot e 000 WO D

4 function fl{an infinite set ¥) is called dominant { dense

- 0t o> et i 0 [ronpe g

R G > S g

immune ) if for all total recursive functions g holds

5

(V a.aen)( gn) g £(n) ) ( (Vaca.n)(gn) g py(nd) Do

Definition 2.2.2.1(Martin,Tennenbaum)/50,78/: A r.e. set A

T
is called, dense; simple if A is coinfinite and A is dense

immune .
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A r.e. set A is called sgtrongly denge simple if A is co-

infinite and for every partial recursive fﬁncti0n~g holds
(Va.aon)( gln)y == ( gn) § pp(n) ) ) .

This intensification of the notion dense simple implies an
intersesting property which is given later in point 4.5 .

Theorem 2,242.2 (Martin): Every maximal set is dense simple.

But is is not true thai every maximal set also is strongly
dense simple, There are such maximal sets but not all , see
for this 4~a5 @

Denote with @YW +the class of dense simple sets and seD¥ the
class of strongly dense simple sets.

Obviously seDWE€eDW¥ . Both classes H¥° and” sPHY° are
filters in € , D ¥ is not cofinal in Jg y l1.e. not every
coinfinite r.e. set is included is a dense simple set and
further oD W°® is not lattice definable, see /St,32a/.

2023 __Uniformly dense_ simple sets .

In /D§;7i/' was introduced a notion which is properly stronger
' than the notion of dense gimple setl,

|
Definition 2.2.3.1(Dégtev): An infinite set X is cailed

uniformly denge immune if for all (total) recursive functions

. vy . GO e (G D s Naks A YR R e TS e S T, (SRS ST G D s i

@ a)VPn)( nem —+ flp(m) < py(mel) ) o

The corresponding intensification to the class of all pértial

. I e o i D o e dam e v oo v s s i v T . e a2 T e ks 0 M A e L oA

This is the condition

(Ve pér.'rec.f fct)(a n){Vm)( nem ©~—b
(f(px(m)l —p (f(px(m) < px(m*’t)))) o
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is uniformly dende immune. Anslogously the notion of §§gggglz
uniformly dense simple is defined. Let ud¥ and su«d¥ be the

—— — ot W . B R WG R D S D SR WL 48 e

symbols for these both classes respectively. '

It is easy to see that uniformly dense simple implies dense
. NS : c o ‘

A
o

of

¥ ‘\. J v \ p N - [ . - e
monotone funtions. For the classes sudd¥ and sdY this inclusion
does not hold.

—_— \ / Q

simple, since the definitions can bé restricted to tlre clas
s\ \ / : j {
Since there exists a dense simple set A with
{F°°n)( nes Anti&i ) ;

ud¥ is a2 proper subclass of D¥.

Theorem 2.2.3,2(Dégtev)/De,71/: If M is a maximal set, then

i is strongly uniformly dense simple.

Thus we see that for every partial recursive function f the set
ix: fxIL A (x,7(x)] € M} includes M (mod Fin), This
property is oftenly used in proofs of Theorems on maximal sets.

o

Lemma 2.2,%63: Let &E@,,.e,iﬁn be meximal sets. Then

-

Myn...nl  belongs to sud¥ iff all I are pairwise not

=% - equivalent. .

¢

This Lemma says that

AMA sud¥ = @Mg* - .

Corollary 2.2.3.4: The class u ®F® is closed upwards, but
no filter -

Proof: Since Max & udl¥ ,Q@wM° is the smallest filter
including Mex and GG ud¥ | the class cannot be a
filter in €. |

oo e
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Theorel 2.2.%.5: . The classes suel¥¥ and uol¥do not coincide

2.204_ _Hypersimple sets

vt D o e o o2 e S D S WO I N WD e D N G D 2 . S IR pronuii ¥ Bp-Spliuasumdpuipartpe AP AGVAE R QS bl

Definition 2.2.4«1(Post): A set X is called hyperimmune

B e b i

(shortly : h-immune) if X is infinite and X cannot be majorized
by any recursive function.

A sgt is called gzgersimplé (shortly , h-simple) if A is r.e.

- o e — Bee T -

- - - 3
and A 1s nh=-imiune .

Immediately from the definition follows that ‘dense immune
implies h~immune and fhus that dense simple implies h-simples
Further h-simple sets are simple.

Denote by Y the class of h-simple éem.’aey"_ ‘is a filter
in € and cofinal. This filter is not lattice definable in &,
see for 'tnhﬁis 3.202 ®

Remark Z2.2.4.2. Observe that Post's simple set is.not
h~-simple , since the function f{e) = Zee- majorizes the
complement of this set. Thus B i W,

Characterization of the h-simple sets
The h-simple sets can be characterized by using speciel recursive

arrayse Just by meaninig of this characterization many facts
about BEW can be proved.

Coanonical indizes of finite sets

The finite set ¢x, ’““’Xn} can be assigned the number

' X I . C s

>F 14, .. +2°n . This number is celled canonical index _of the

s S Wiy ot W Al Y ST e < O R G 8D waw GRS G R R G o

set £Xl£ii:l§n} s ( 0] iS Lhe index of }Z }’ .

80 w2 cnpes e R < G
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It is obviocus that this is an effective and bijective
assignment Dbetween all finite sets and & , With Dy is
denoted the finite set with the canonical index x. Obviously
AY a 3 - -
, i ecursive array.,
{DXJX30 s ar sive array

A recursive array (S_ ) . of Tinite sets is called sirongly

1if there is a recursive function f s.t. S, = Bf(n\“’ no .
).

Theorem 2.2.4.% (Kusnecov,Medvejev,Uspetski) /Ro,p.182/: A set

¥ is h-immune iff X is infinite and there is no strongly

recursive - array (S_)_, of disjoint sets s.t. S_AX # @ for
n’‘nyo n

allno

Thus anr.es. set A is h-simple 1ff A 1is coinfinite and there is
no strongly recursive array (S_) of disjoint sets with

n’nso
Sn_ﬁ A AP Tfor all n.

o v o T SO T GO, S S OO gy Ll Tt e inaghaipietipact © SRSy prigeeipethnaptng &g

2e2.2___Strongly and finitely strongly hypersimple_sets

o 2

The notion of h-simple set can be still intensified if we take
a greater class ofl recursive arrays as the class of all strongly

recursive arrays.

Definition 2.2.5.1: 4 coinfinite r.e. set A is called strongly

hypersimple 1if there is no recursive array (Sn)n>o of
a4

disjoint sets with \L/S_ = @ ang

| A C :

p ‘~ \\ml hgad “ o . . .

(2.2) (¥n)( S, nk A2 ) _ .

A coinfinite r.e. set A is called finitely strongly hypersimple

- i v o 2 - e o e - A" sy oD Lo o

if there is no recursive array (S )y, ©OFf finite and disjoint
. . . . SR z

sets with \/ S_ = and (2.2) .

. nwyo I

Let s @€Y be the symbol for the class of strongly h-simple
sels , From the definition it follows

sHY & fs HY ¢ WY
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h-gimple sets. From the definiton it follows
s HY ¢ r5 B ¢ BEW ~ . .

Further it can be shown that both inclusions are properly.
. A y

T

Remark. In particular the class fs 8% becames always more
important inside the analyse of the simple sets. Just with
this class mahy notions can be compared , il.e. elther every
set from fs @'Y has this property or no element satisfies

¥

this, We shall see this oftenly in the following.

An example of that whati is said in the above Remark is the
following Lemma. This Lemma is an application of lLemma 2.1.2 .

Lemma 2.2.5.2: If & is from fs®Y and (5 ) is a recur-—
- n‘n%o

sive array of disjoint finite sets with \/S_ = @ then there
is a recursive function g , s.t.

o ({Va.an)(Vx){ x & En Sﬁ‘ —+ x & g(n)) .

This means that the elementis of g}‘Sn are bounded by g(n)
for almost all n .

\

243 Properties of the maximal sets , a classification of

the class of simple sets . In this point we will continue

‘the subdivision of the class of simple sets undér some points
of view, It will be regarded here such properties which were
investigated in several papers and in‘parﬁiéﬁléry applied to
the analysing the maximal sets. 4t the end of this point we
give still a classifieation af all subclasses of simple sets
which were defined until now in this paper .
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2.%,1 Fullness of sets_, full r.e, sels

We consider here the r.e., sets under a point of view which was
indroduced in /Ber,ir/ . This will be make -a connection between

the r.e, sets and a basic notion of the analysis.

et ¥ Dbe a subset of a2 » Let 1(X) be the limit for n——< o0

if he exists , of the seguence

card{ X nl0,n) )
n

It is obvious that 1(X) if it exists is a real number from
[o,11 .

We have

'~ There are r.eousetsixh,;soto 1{(X) does not exist

- If X eY and 1{(X) , 1(Y) both exist , then IL{X) € 1(Y)
- If- 1(X) exisis then 1(X) exists and 1(X) +1&X) =1 o

Lepma 2.3.1.1: Let A be a dense simple set. Then 1(A)

exists and is equal to 1 .

Corollary 2.3.1.2(Bernardi/Crociani): If M 1is = magimal set,

then 1(1) exists and is equal to 1 .

Remark?2.%.1.%. In /Ber,Cr/ it is' shown that for every
rational number r from LO,1] there is a simple set S with
1(3) = r . By an easy modification of Post's simple set
construction this result can by generalized to all recursive

real numbers in [0,11 .

The simple sets with the limit equal to 1 and G will be still
regarded in particulary .

Full r.e. sets | |
e call a r.e. set ¥ full if 1(X) exists and is equal to 1.

3 ) - - I .
It is easy to see that there are nonsimple r.e. sets, even



coinfinite recursive sets which are full. But we consider here
only the full simple sels. Denote with UF the class of all

full simple sets.

- o om O . U . :
Lemma 2.%.,1.4: The class 17 is a filter in £

This filter is not cofinal in & » {(This can be shown by the
same method as later Corollary 8.1.2). From Z2.3.,1.1 1t follows
that eDW § WV

fhe class I,

Denote with I1=O the class of the simple sets havfngyﬁhe

Limit equal to O. From Remark 2.3.1.3% it follows that I,_, is

not, empty. Easy can be shown that -
\ - ¢ B . . ; .

Lemma 2.3.1.5: The class Iizb forms an (proper) ideal”in .

‘Since Y has no lattice definable ideal (except itself ) and
usually the known subclasses of simple sets if are not filters ’
then they are at 1east‘clesed upwards, the family leo
througheut having a gﬁite eagy definition is’of some interest.

Lt o D ST e P e e N0 e a0 SO T e D T T TR oo T TR A TP

R T

A pOSsibility to classify the: subsets of & is the beheviour
of the recursive functions on them y €+¢80 if all recursive
functions are monotone or one-one on them. This topic was
investigated above all in /Mad,Rob/ I

Definition 2.%.2.1: Let X be an infinite subset of w .
¥ is called monotone (one-one , shortly 1=1 ) if for every

s s o o R

o oot o e G

recursive function

(Bx)(Vy, >x){(Vy,>x)( y,8y, =—> ‘f(yio) s £y, )
( (3 x)('Vy,I)x)(Vyz)x)_( Yy oy, - = f(y1) # £(y,))

(2.3)

.
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or f is constant (mod Fin) on X (i.e. Vx>x (.xgX —»
: ,

f{x) = Yo } , for some XY

;o\

O

Characterization of tna monotone anu 1—1 sets

To characterize these two nolions we need a generalization of
the notion cohesive, An infinite subset X of ¢ 1is called

r-gohesive if

(YR rec.) BaX =%¢g v Xx<¥R ) .

A set A is called r-maximal if A is Treeo and A is r-cohesive.

o

Lemma 2.3, 2,2: If X is monotone or 1-1 , then X is r-cohesive

J w

and dense immune.

Corollary 2,%.2.3: R.e. sels whicq.arevco~monotone or co-1-1

are simultaneously r-maximal and dense simple.

The notions monotone set and 1-1 set in general are incomparable,
; oot \ . .
~see 10.2 . But if we still reguire to be co-r.e. we get

Theorem 2.%.2.4(4adan/Robinson): A r.e., set &4 is co-monotone

iff 4 is co-1=1 .~

RN RN a A

Lemma 2,3.2 .5(0wings) : If ¥ is a maximal set, theﬁ ¥ is
‘co—monotOﬁe ( and thus b 23424 4 also no-—l-i). |
Remark. The}ihversibn.of Lemma 2.3.2.5 does not hold as it is
shown in /Mad,Rob/, see later 10.2 . \

The notlﬁns monotone and 1-1 can be 1nten81iled in the usual
way by taeking all partlal recursive functions instead of the
"thtal recursive functions in 2.3.2.1 .

371 <32 A Fy ) A £y, )" 4
(2.3) and call these sets strongly monotone and sirongly 1-1.

rSegruiuiiping & ool ? Mg -aisdiudpingt o . -

"

In place of " MRS y2 " we put

Then it holds
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Lemma 2.3.2,6: Let X-be 2 coinfinite r.e. set. The following
conditions are equivalent °: ‘ ¢ :

1) X 1is maximal
2) X is strongly CGwﬁonotone
3) X is strongly co=i-1 — .

Thus we see that the above Lemma includes equlvalent Droportles
that a coinfinite r.e. set is maximal,

§§§_l§§§i§§_-§11 - ;

Denote with ETI the family of all E—ary r.e. relations to-

- gether with the impl wamGus as basic relation between then,

Of course gII is 1somorph1c with € ( by the mapplng :

R(x,y) =—» <&x,7> e? }J + But we use 811 , since some staies
of affairs can be better represented in gn as in B ( We use

QII later in 5.4 )

Let R a&‘zz and 1 €w . Then (R); means the set of x with
R(x,1) .

@ xi denotes the R from | E*I with R(x,y) & y=i ,

4 relation K is called column if R is €@@%i for dSome i .

Let M be a maximal relation in 8-, ( = Erelatlon
,correspondlng to a maximal set in 3) . From 2.1.1 it follows
that either ¥ 1is included in some @ xi (mod Fin) or for

almost all i we have lewxia¥l &1 ., In the“/sekcohdo case we
can define a partial function *QM , by \,1(1) if (x,i) e i,
(?1‘1 is uealnea for all i for whlcblwxln Mt =1,

Lemma 2.%.2.7: ”‘?M is elther constant (mod Fin) or strongly

‘monotone :mcreasz.ng ‘ :
2) There is a (total) recurs:f.ve functlon £ with ‘Pm € f (i.e.
C?H(l)il\‘fm(l)w.] . --b (i) =3 ) .



2:3:3_ _Effectively nowhere simple_sets

In- /Mi,Re/ the notion of so-called nowhere simple set intro-
duced in /Sh/ smong others was connected also with the maximal
sets, After a small introduction we give here this connection.

a o o

o don ot cw - G

Definition 2.%.3,1(Shore): A r.e. set A is called nowhere
simple  if |
-~ (Ve)( W\ & - infinite — (3 £)( W, - infinite A
AWp SUNA ) )

T

and effectively nowhere_simple if there is a recursive function

€ . M e ks O S D i TR s T e > 08 > e T e L et S T ) YD e

- 7' T*J‘;, C»f ,«) o f H ; C o . L . o ’W‘ !
(gfe)( Mooy WoNA A ( We\ A infinite - e (a)

v ' v ey is infinite) J.
We see directly from thedefinition that all recursive sets are
nowhere simple and that simple sets are not nowhere simple. That
there are also nonrecursive r.e, sets which are nowhere simple
follows easily from the following Theorem : . .
Let 4 bDe an nonrecursive r.e. set, A pair (A1,A2) of r.e. sets
is called splitting_ of A if both are nonredursive , disjoint

I o o cavte N s W W e T e w

and AIV Az = A

Theorem 2.3.3.2(Friedberg splitting Theorem)/Ro,p.294/: Let 4
be a nonrecu:si§e\r,eo set. Then there is a splitting (51,A2)
of A, s.t. | | |

(Ve)( W\ 4 not ree. —b (W \A, #8 A w%\.ﬁxg A8 N,

ﬁ Corollary 2,3.3¢3(Shore){ There are qonrecﬁrsive“roeo aets
"which are nowhereﬁsimplé, S v |
gﬁéggi Let A be a nonrecursive r.e. set and (31,32) be a
splitting of A4 as in Theorem 2.%.%.2 (so-called Friedberg
splitting of A) . If W\ A‘ is infinite and r.e. take
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Wo = ¥ FW_oNA, - 1 ; hen W_pa A, must be
We To\NA o IT 7o \A, " 1s not r.e, then Wona, must be

infinite, Thus We = W n4, satisfies the definiton . Hence

»A? (as also AQ) is a2 nonrecursive nowhere simple set.

From 2.%.%.3. we get the following definition : Let A be a r.e.
set. 4 set B is calied witness set for A if B is re.e. ,

S o S o s s i o SR R KD i o Pt B

AnB = g and

(Ve)( W_\4& is infinite ~— W_nB is infinite ) .
In /Mi,Re/ it is shown that a r.e. set A is effectively nowhere
simple iff the set A has a witness set for A . By using this

wa get

Lemma 2.7%.3.4( Dulller,hemmel) A simple set U is maximal iff

_every splitting (MT,&E) of ¥ consists of ez;ectlvely nowhere
simple sets Mi amd ME .

2e3.,4 A classification of the class of mmple _sets

‘~-‘---__--—_a——-_-v-—:—-————u-—-_--—m- o e, s 2w RS

The different subclasses of simple sets introducted in 2.2 and
2.3 will be regarded here together. In particular we give the

" mutual inclusion relations between these classes .

For the ""‘o"' I‘mwing scheme we need further symbols and notions.
Let 3¢, Xa be two classes of sets, We write

¥, -—--h 3 if X} ~is a proper subclass of ¥, . If F,
and ¥, are two filters then ¥F,® %, denotes the smallest
filter including both . “

Let Iy, mean the clags {S simple : S¢ I, o } and R-Max___
equal to {5 : 5 is r-maximal A (AM)( ¥ is maximalASeu )} .
With ~Co-Mon ( Co-1-1) we denote the class of coinfinite Teee
sets having a monotone complement ( an 1-1 complement ) ,

¢ or
o
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The following scheme holds between the subclasses of ¥ intro-
duced in the subpoints 2 2 and 203 :

»

{QJQ$%

/ @ ' a o= nQM (:Q"*A“’A
subHW /

ambw

o D¥n R-Nax

saOS;\““* \\\\h ; '

\\:_,ngﬁf/° R~ Hax

af’fﬂ/w/ i
\\\%\\\*

In the above classification no further implications hold and

-1t ‘can be shown that all 1nc1u51ons are proper with the
exception if R~ ~Max, o is a pronﬁr subc;ass of Co-Mon /¥ ad,Rab/f
Su b j T 1’/43 2 nod o5 Y oobY 2 - {;«z%{, BAE

&

2.4 Retraceable and regregsive sets .

An other connection
between the complements of coinfinite r.e. sets and recursive

functions will be given in this point.
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Hetrasceable seis

T Rt o oo S A A G > S G X KSR T S

We say that a set A is- retraceable if there is a partial
recursive function f such that f is,defined for all elements
of A and f(pgig}) = pA(G) and f(pﬁ(n+1)) :‘pﬁ(n) for all
neEo .

The function ¥ is called retracing function (for A).

Obviously 21l recursive sets are retraceable and other r.e.
sels are not, It can be shown that there are even Continuum
many retraceable sets , see /Ro/, p. 205 . We are interesi in
the r.e, sets with retraceable complemenis. (In this case we
can assume that the retracing function is totall.

Every nonrecursive , retraceable set is immune. If this set
is additionally co-r.e. , then it is even h-immune,

Lemma 2.4.1: 1) If the r.e. set 4 has a retraceable complement
then A belongs to Y but not to fs WY .
2) There are h-simple sets with retraceable complement.

Thus maximal sets have no retraceable complement, But it holds
still a stronger property which we give at the end of this
point., '

e a1 o W W S T o Bl et e

A set A is called regressive if there is a sequence without

e 0D AL k. S K

repetition (an}n,g of A and a partial recursive function f
> .

with A € dom(f) such that f(ao) = a  and I(an+l) = a,

for all nso,

~ Directly from the definition it follows that every retraceable
set also is regressive (by taking (pA(n))n;o’for (an)nao ) .
Since all r.e., sets are regressive , these both notions are

different, But also if the sets are co-r.e. , regressive is



unegual to retraceable , see /Mc,66/ .

Between retraceable and regressive sets which are co-r.e. ithe
following connection holds :

- o {

Theorem 2.4,2 (Dekker)/De/: Let A'be a r.e. set and co-regres-

give o Then there is a recursive permutation p such that
P(a) 1s co-retraceable .

.?r

Corollary 2.4.%: The r.e. sets which co-regressive ?Qrm the

closure of the r.e. sets with retraceable complement under

i

recur81ve permutationse.

Lr“\..

The r.e. sets which are co—regre881ve also not from fsERS’ .

" Réego,cOo-retr, e—————= Rie,,Co-regr. —» (H¥\ £sHY)
= ~closure

and both implications are properly.

Metraceable and revre851ve subsets

. T 7 o o s e e A o o e o s ] A o e W S s o a0 s M o o e o

The sets which have retraceable or regressive subsels have also
interesting properties, To this the following facts ¢

1) A set has an infinite retraceable subsets 4iff it has an

infinite regressive subset,

2) The asgsertion " X has an infinite retraceable subset "

¥

is recursively invariant. Since " X is co-r.es " also is
it , the intersection of both is recursively invariant .

Pt}

%) If M is maximal then I does not contain an infinite

3

retraceable subset,

Remarks., The property 3) will be still used later in point 5.
The setg with infinite , retraceable subsets can be characterized
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in an other eguivalent form, see /Ro/,p.321 . The same holds

if the sets are additionally co~r.e. o
That the complements of the maximal sets do not include infinite

retaceable subsets follows from a stronger property which can
be shown by applying 2.1.2 and 2.2.3.2 .

Theorem 2.4.4 : If ¥ is & maximal set and f a recursive

function then

(3% n)( fpp(a+l) & pﬁ(n)‘ —s ~ F]i is constant
| o (mod Fin)).

Thus if X:{XO <Xy €.nn 3 is an infinite , retraceable subset

bgd » - o = o~y 3
of ¥ and f a retracing function for X then for infinitely many
n

4 o o - - ) P -

flpg(n+1)} = pe(n) = pp(m) < pp(m+l) & py(n+l) = pr(1+1)
for some m and 1 with m=1l . Thus

flpy(1+1)) § pg{m) s ppil) o

Hence £1¥ is constant (mod Fin) , what is not possible.

2.5 - Recuprsive arrays and enumeration order, . Let i be a

maximal set and g an simultaneous enumeration of <we)e;0 . Then

& I » . . . N .
by using g it can be defined a linear order 1nside the set
Cofy, = fe = W vl =%*w ¥ . For numbers e and f from Cofy

vl ? Vi

let e <:g,ﬁrf holds if

(Va,a.x){ xel ~p x is earlier enumerated in W, as

in Wf by g b

E

What can be said about the possible order types of ‘=g'M
. - “ 3 iL
Known is only that there are maximal sets M ; s.t. for every



m’igw

g <5y does not coincide with < { the order of natural
numbers; in Cof, , see for this 3.5 . Existe a maximal set M
L A¥L . .

.

and an enumeration g such that <,y 18 equal to < in Cofy
! ¢ o i B . A¥L

Within this topic we have the foll owing Theorem which will be

used later for automorphism constructions

Theorem 2.5.1(Socare)/So,74/: Let

C be a coinfinite r.e. sei.
Then there is a recursive array’ (2 ) _  with Z_=C and

,O

(¥Z ree){ Xe¥C v XuC =, —» (An)( X =%2_) )

n

and a simultanecus enumeration g of (ijn;o y Sels
oAy V(7 - ia infini T
(2.4} (v’n,(;zn ug‘Z is infinite =——p £ %, )
(2.5) (V) (Vo) nem AC 52% ACEZ ., =

. 1] ’7 P Z .

(¢ a,a.x)( Xel —b X@Zy ~, Yy Jo)

Remarks.
1) We call a recursive array (X ) . =¥- complete or
skeleton if (¥e)(V¥n)( W =%X ) . Observe that the array
(5n)n?a in Theorem Z2.5.1 1is =% - complete if C is a maximal
‘set. B |

<
2) From Theorem 2,.5.1 follows that for every maximal set M
“there is an enumeration g , s.t. < _ .. includes the order
¥i
type ©3 , This holds , since (én)nao can be recursively

embedded into (#e)e>0 ‘and so such an enumeration g ( preserving

Q,ﬂ:ﬁrzn)cmnbefmmm

v

This considerations can be provided alsc only for (We)e>o .
. *

Lemma 2,5.2: There is no simultsneous enumeration g of {We)e>o
: -

+
Sete

(Ve)(V£)( W, and W, both infinite A e<f. —b
.
(¥ a.a.s)( %“f,s! s!we o | ) ) e
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Proof: Since (W ) ‘is a standard array there is & recursive
function £ , stirinctly monotone and allc %’gm> y DB O are
b &

infinite. If the Lemma wouldn't be true, then we would have

ur 3 infinii s 7 W , W

#g is infinite 4—s (Fs,)(Vexs ) M:{e},slgme,s! )o
Hence d{e : W, is infinite } ezg . This cannot be , since this
set is I?g - complete .

e ; ' . ‘ rder
Exists a simultaneous enumeration of <We)eao , S.t. the ord

CHEW W, is a linear in {e: W_is
(W a.a2.8)( ’ﬁf,slgsgwe,s! ) is a linear order in ¢ e. e 18
infinite ¥ ?

-

Remark. ° By using the method of Theorem 2.5.1 we can consiruct
a skeleton with a simultaneous enumeration of this array , s.t.
the order even is egual to € inside the set. of indizes.sets .

2.6 Speedable and levelable sets . There is still an other
topic of investigations of the connections beiween the maximal
sets and simultaneous, enumerations of recursive arrays.
Let X be a r.e, set ( in particulary a maximal set ). We will
here compare the sets W, and W, with W, = W. =X ,

] ‘ ‘ 1,8 o dsS . L Jd e )
where these sels are enumerated by spme simultaneous enumeration.
To this there will be regarded here two problems investigated

above all in /So,77/ .

. 2 it GO0 2 D S0

At first it will be investigated the set W, s\ ?j S for r.e.
. i 3 N
V. W. wi o= W, o,
ﬁsets Wiy HJ, with LA WJ | |
Let g be a simultaneous enumeration of (We)eao o With éfg we

denote the partial recursive function defined by



- 41 - -

(¥

F (1,04 irr § (5,0 .
g g

~For numbers i1 and J with wi = W. and every number x we have

Definition 2.6,1{(Blum): A r.e, set A 1is called speedable
if

(Vi)( A = W, —— (¥hrec.fct)(Fj)( A = wj A

(2.6) o | \
(3 X%A)(§g(i,x) > hix, §g<;;,>:>;f yo) .

Remarks 2.6.2 - 1} The definition 2.6.1 depends from the

simultaneous enumeration g. Sut from the next Theorem it
follows that the used enumeration g is not essential .

2) If we take h{(x,y) =y then we get §g(j,x)< §g{i,x) o
This means that infinitely many xX€ A are earlier enumerated
in Wi as in W; . But since h can be arbitrary , this means
that infinitely many x&A are en&merated much more earlier in

W.. as in W.
{»«Ié 8 I ‘ J‘io

fheorem 2.6,3(Soare)/50,77/: A r.e. set A is nonspeedable

(resp. to a simultaneous enumeration g) iff
Ly . U7 .-J.f'g. o
le W, nA 7D J ed ;.

/

R

Remarks '2.644« ‘1) Since the property {fe: W, on A# 5 re A g
is independend from the enumeration , the notion of speedable
set also 1is it, .

2) If A is not speedable then the index i and the function h
depend from g .

In point 8 we characterize the r.e. éets A with

{»e‘ 2 Won AAD 3 GA; + It can be shown that all sets from
fs ¥ have not this property ., Thus-all sets from . fs H¥ gre
speedable .

. Corollary 2.6.5(larques): Maximal sets are speedable .

In oposite to 2.6.5 there are also even simple sets which

are nonspeedable ,



- 4D~ _

In the following Lemma there is given an equivalent condition
for to be nonspeedable,

Lemma 2.6.6(Blum,Marques): *A'r.e. set A is-nonspeedable iff

there is a recursive function f s.t. for all j

Ta . C -5"1/ g o T N
WJ C A b Jf(a) is finite

0 et s ke S IR . K SOn, SPDR D
o

guppqse W» is pot recursive and g is a simultaneous enumeratiop-
Then for evgry recursive function h there are 1nf1n1telykmany

X €W; which are enumerated in LA in a step which cames after
h{x) . But the set of these x depen;s from i . For an other

index 3 {with ﬁd = W.) infinitely many x from the set above can
be enumerated in a step before hi{x) . This will be investigated

here,

Definition 2.6.,7(Blum): A r.e. seit & is called levelable if

(AL rec. fet) (Wi W, Z A —p ('Vh:rec. fet)(J j)
(wy =4 A(Q“XGA)(@' (i,x)>h{x) A

§(U,x) £(x) ) ) ) .

In terms of special “ecur31ve arrays the levelahie sels can be
characterizeds.

A recursive array (R )n>o of recursive sets is uniformly if

{i,x) x€R; , 1 o} is a recursive relation.

A recursive array (Rn)n>o of recursive sets is cofinal in A
L .

" { A & r.e. set) if .

(VR rec,){ ASR —» (Fn)( R, €4 AR AR is
‘ : ‘ < infinite )} ) .



T

Theorem 2.6,8{(Blum,larques,Morris)/S0,77/: A r.e. set 4 ig

levelable iff there is a recursive array (Rn}n>0 of recursive
4

sets uniformily and cofinal in A .

In-particulary from this Theorem follows that the notion of
‘levelable set is independend from the simultaneous enumeration

{3
Gf \gej}ezo @

Theorem 2.68,93(Scare): A r,e. set A.is nonlevelable iff
in: R, A L #g 3§£xg .

Corollary 2.6.10: Levelable sets are speedable .

Theorem 2.6.11{Soare): EHvery set from fs 9¥ is levelable .

Corollary 2,6.12(Blum,larques): Every maximal set is levelable

Thus we have the following sequence of inclusions :

Max ¢ fs3Y¥ ¢ levelable & speedable _ o
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The class of maximal sets is obviously definable in £ . Is this
class decomposable 1nto nonempty subclasses by using only the
latiice operations 7 . ‘

This question of Lachlan from 1968 in /La,68#,/ was answered by
Soare 1974 in /S0,74/. This family of r.e. sets cannot be
further subdivided inside the latiice of recursively enumerable
sets, This means that two tarbitrary maximal sets are auto-
morhic in. € . The proof of this is the main.topic of this
point,

For showing this automorphisms result it was necessary to
develop a new technigue of automorphism construction. By this
new method it can be shown that also r.e. seis are automorphic
which are not recursively invariant (mod Fin),

The proof is quite extensive and technical expensive. For these
it is nécessary to consiruct recursive arrays with special

properties.

&

It will be given here only a survey of the automorphism.
congtruction from which the idea of the proof will be became
clear.

Besgides this in this point there are still included further
results about automorphism properties of the lattice £ and
above all corcllaries which follows from the result that all
maximal sets are automorphic. .,

. . ia
The main literature which was used for this point was the
paper /So,T74/.

ol Basic definitions and notions about sutomorphisms of
the lattice € .
302 A hierarchy of automorphisms of £ , effective auto-
~ morphisms
e % Automorphism between maximal sets
2.4 Corollaries and remarks to the automorphism proof

- 44 -
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ic definitions and notions abouit automorphisms of the

o |@
@

£ . We give at first in this subpoint the basic

definitions and notions for the automorphism analyse of & .
Further here are included general properties of countable sub-
lattices of B (w0 ) under the view of points of the automorphism

7 4 . T v — T AN - { ‘
Definition 3.1.1: Let ¥, = (L;,A,,V,) and Lo = (LyyAn,v o)
be lattices . A mapping & from Ly in Ly is called

isomorphism 1if § 1s bijectiive and for e

e T e e w00 G e o e Do

lem
lements Xy1%p, X3

i

§(x3}

Xy Yy Xy B Xy b §(x@) A §'\X2) = §(x3) .
“If % is a mapping fronm 'Ly into L, for which (%.1) holds
with ~—3 in place of 4—& then @ is called homomor

If &, and ¥,are isomorphic structures then we write shortly
X, ¥, . .

With Eso(’;iﬂ,;gz} we denote the family of all isomorphisms
between 3¢, and &, and with Aut(3) ‘the group of automor-
phisms of 32 ( i.e.” Aut() = Iso(¥,¥) ) .-

s
¢

If for elements x,,x, from % there is an P eAut(¥) with
§(X]} = X, we write x, gw Xo { or if ¥ is known only

J

% & . The set

jve¥ : (IFeaut(¥)N(Fxx) =y )3
is called the orbit_of x_in_ ¢  and is denoted with Oy (x).

Hence an orbit consistis of such elements of 8 which inside the
lattice cannot be, distinguished.
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A subfamily ¥ of ¥ is called lattice theoretic definable
if the set

{d) : xe¥ , desur(y) ¥

is contained in ¥ o

We see that ¥ is lattice theoretic definable 1ff ¥ 1is & union

of orbits . , i L

The class Max obviously is lattice theoretic definable in §
Hence here only is intefesting of how many orbits this family
consists. |

Connsction between Aut( B) and aut(g¥) .
Let ) be a sublattice of P(a). ¥¥ ¢ ?*(w\ means that
¥ is closed respectively to =¥ |

The mapping @, .. * X —b P¥* with l@ (X}* ¥ denotes the
canonical homomorphism from ¢ onto 3*

Lemma 3.1.2(Lachlsn)/12,68/: Let ¥, and ¢, be countable
sublattices of P(ew) with . [

- X7 e®Nw) , ¥ ePNew) N

- D EZ, e ﬁep‘&’gl, WEHL &> WeY, .

Then Tfor all X € %1

(VY™ etso( ™, ¥4))(FF € Tool ¥, ¥ ,))
(¥, 00) = i (T

¢ wan @1so gives a homomorphism from Aut(¥) intohut(¥E¥*)

(3.2)  F¥(, () = tekan(éf(xn» S .

Corollary 5.,1.3: The mapping §e Aut( 6) ~—‘§ eAaut( E*)

defined in (3%.2) 1s surjectitive.

(=}
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Corollary 3.1.4{3care)/So,74/: If the r.e. sets X“ ﬁX2 are
nd coin

infinite and finite then
Es g F % ¥ A .

Corollary 301,5: Let X be a subclass of E consisting of
infinite and coinfinite sets. Then ¥ 1is lattice thepretic
definable iff 3¢€¥s 8* and_ X* is lattice definable in €%,

.

Permutations of @ and induced sutomorphisms

It will be introduced here two ways of representations of
automorphisms of the lattice & . Especially the second one

‘1s very usefull for the constructions of automorphisms.

Definition 3.1.6: Let ¥ ¥be a sublattice of %) y
- @¥eaut(¥*) and p a permutation of @ , We say that

,;‘J

. . *, PN &
g induces_the_ automorphism 3* if for 211 x%x* ¥ (x%)=p(x)

‘Theorem 3.‘8.7(8‘03?6}/80,74/:’ Let @ ve a countable sublattice

of P(w) and (X7 Jnygo 2nd k‘{n}n;@ two seqguences including

all elsments of & .

Let st,(x,e)  be the state of length e-of x resps to (‘{n)zvo
and stg(x,e) the correspondingstate resp. to (Yn)r»a , see
the Introduction. The mapping X‘; —— }ZI’: is an automorphism
of ¥ iff for every e and state §& withl&ls=

fx : st (x,e) &% is infinite e

gt

fx : st,(x,e) = 63 is infinite ‘ e

In other words iff

/e Xog(o}n *,‘X q(‘e’-vk) .t

(o is infinite  4—b

Y_G'(o) 6 (e-1)
O

N eoent ig infinite | .
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Corollary %3.1.8(Soare): If & is a countable sublattice of
® () then every §* from Aut(}¥¥) ie induced by a
permatation of & . '

Recur81ve Bermuta tions

It is obvious ’Lnat every recursive permutation p of @ induces
an automorphism of € , by X == p(X) . We call such automor-
phisms recursive and denote the group of recursive automor-

phisms with Aut ( B). © (X) means the orbit of X resp. to

Aut_( g .

If @ is a partial recursive and injective function then
indueces an isomorphism between Eldom(4 ) and £ lrz(w) . Thus
every sublattice B4 for infinite r.e. sets A4 is isomorphic
with ‘E and this isomorphism is induced by a recursive (injective)
fundtian, This result will be still improved later in 3.4

In the lattice § the following two properties hold :

- (3.3) (Ve ‘“«f‘a’e is infinite =——p Q(SE{ rec.)( R is infinite A
AREW, J)

(3.4) (YR rec.)( R is infinite = Jaut (EIR)HI22)

From these both it can be concluded , see /So0,74/ :

Lemma %.1.9(Lachlan): Aut(g€%¥) has Continuum many elements
Proof: From '(%.%) it follows that there is a sequence (R;)

izo
of infinite recursive sets’, disjoint and N/R; = w , s.t.
" Coaye &
W L4 a. 5 ® L £ ] v " e e R P
(Ve)( W, R V...VUR, v W_ €R_ VE, )

Thus if Y.e Aut(({ €lR;)) , i=041,... then \/ Y. esat(g) .
From (3.4) we see that there are \,ontlnuum many different
such sequences (fi)iao . _
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But observe that r.e. sels automorphic by an automorphism of
Lemzma %.1.9 are already automorphic by &n F ehut ~(8) . Thus
the orbits reso, to those automorphisms ars equal to those
formed by Auﬁr(g )e

u

Permutations of w and presented automorphisms .

Now it will be given the second representation of automorphisms
of €%, Just this will be used for Lhe a&tomorohlsm constructlon
in 3,3 ., B

.’Definitim}; 3,1.10: Let h be a Dermutation of w and J*eaut(g¥).
f if for all n

dncs o s cac e e B e T A — -———-—...n._. Lo ..

o
§ (Wn; = "i’h(n) .

{

L L L
It 15 obvious that every automerphism of € is presented by

some nermutatlon of &2

3 s always an
arithmetical permutation pyeseﬁtiﬂg an automorphism between

PR =N AR "R E AR A e " e e

——.—_.s-—-_..—.

¥ow ¥y _ o # ¥=1,. %
YW ) = Wathy § Wy = “(n) :

If the permutation h presents the automorphiSm $* then also
the pair (h,h']) and converse if the pair (f,g) presents
§* then there is a permutation h which presents $* and which
can be chosen recursive in f@&g , see /So,74/
Thus , if ' f and g are from z&g then also h‘belongs to Z;g
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2.2 A hisrarchy of the aulomorphisms of &* , effective

automorphisms o Inside the group Aut(8¥) can'be defined

a hierarchy of subgroups if we consider to which arithmetical
class a permutation presenting the automorphism belongs.

This hierarchy will be described here shortly. In partlcular
the automorphisms presented by a recursive permutation are
of interest,

Definition 3.2.1: An automorphism § of E*IS called effective

R TR e

if §7’ i1s presented by a recursive permutation ( or edquivalent
to this by a pair of recursive functions)

Aut . (E¥) denotes the subgroup of all ef fectlve automor—

eff
phisms of €%, If there is a F'from ‘""m’ezf‘ E*) with
F*x*) = ¥¥ we write X ge"f Y s In general we denote with
Aut 4 of €% the subgroug of all automorphisms presented by a
. L T 11.¢n 2 ¥y P
Ag Bermutation (Thus AutAo{ £€¥) = Aateff(e*) )

i

We have the following hierarchy

%%

il

* , F ¥ % ¥
Gs) aut (€%) € Aut_.(€*) hur.Ao(E' ) € AutAo(E' ) €
é‘autA%( g% ¢ ... ¢ autAo(f*} € ... Eaut( £ .

‘-‘-—-—--—-—.—--—v—u——w—-———.—__-——.-_-—‘.—..-—.-—-.—

o |
The first inclusion is properly what follows from the Theorem:

Theorem 3%,2.2{Martin)/So,74/: There is a h-simple set H and
an effective automorphism Q*,Ms.t.‘ §*(H*) is not h-simple

(m@d Fin)(./ : D

Corollary %.2.%: Aut (@*) # Aut pf( B*) .
Proof: Since the class of h-simple seis is invariant under

recursive permutations , recursive and effective automor-
phisms do not coincide .
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An other property in (3.5) follows from the possibility to
approximate recursive +he A2 sets and that we reﬂard automor-=~~
phisms of £¥ (and not of € ) .

Lemma %.2.4(Jockusch)/So,74/: -The subgroups Aut AO( £%) and
Aut , o( €¥) are equal . S
Az

Remark 3.2,5 . Lemma %.2.4 cannot be generalized to every n.

» b O Fa
The reason for this 1s that not every EP sequence of r.e.

sets can be embedded into (We)e;'o by a Sg function . It can
be shown that for every nz2 AutAo{E*) 1s a proper subgroup
.of AutAo (E%) . - oo
n+i
The Subgroun Aut Ao{t*) is of special interest , since by 2

ke

(V% ree (VY ree ) x¥ & px Y 4 (I3 esut 4 o(€9)
| (§°‘<x*) =y*n T

Lemma 30 - 11

in poa,nt 3 4 we snall gsee that for maxmal sets we can flna
even a § from Aut Ao(€¥) with &~ (x* ) = Y%, ‘
3

i

Effective automornhlsms and maximal sets -

o S eyl o W o e VS WIS S AP K Gy T Qe T Mt A e D TR M h TN B T U N WD acin. M 0N e P W XU T O

Theorem 3,2.6(Soare): There are maximal sets A and B such
N N . . . ; - 7 * #*
that for every effective automorphlsm&ﬁ@*  3¥u*) # B

,,! \ r J
Since this Theorem can be generslized to arbitrary finite many
maximal sets we have

[ -

Corollary 3.2.7: The class Max decomposes into infinitely
many orbits resp. to Aut .. .(E¥) . ‘
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3,% Automorphism between maximal sets . In this subpoint we
will give the sketch of the proof that twe arbitrary maximal

sets are asutomorphic .

et A and. B be maxinal setse. he Dhal*\unow that tnere is a

blgectlve mapping p from A onio B such that

i

W : o -1 "t =
p(&nf\A) and p (anga) are T €.

. and

c"wfl 3 DV k) vDB is ree.

“!‘v '_", pgicmfnﬂﬂ) [ ¥ X iS o 8o - I

ml )

This both insureg that A A% ana 8* are automorphie and thus also
A and B . Important is here that for ﬂ&leal uets nold

[

We C*A‘ o:; C*W , analogously for B .

E

The function p is noi consiructed directly . This will follows
from other results.

ki hall § - - T 3
wa shall construct recursive arrays (Jn)ngo R (Vn’ngo R
!' . ‘
Un)r>o 4 (vn)nzo ? s.t.
e " o
1 (gn)nzo and (Vn)naa are skeletons

2° Xe*U, e Bc*¥U and 5V e Ac*v

29 wor states & = (G'OEIH.ﬁ'e__E) and L= (Z'f,.ol' 1)
An (AUE)A NT(T) ) is infinite iff
BA(ATE)A AV(ET) ) is infinite .

This three properties insure that ,ﬁSE;E*. The property 59

gives the possibility of defining p , see 3.1.8 .

Remarks.B.Boﬂ o 1) We. cannot take for U{U ) and (v )

_ n n>o n'n3o
the standard array (We)eaa , since additionally to be property,
to be a skeleton , (U ) and (V_) must have further

n"1nso n'nyo



necess finding (& y which
roperties (necessary for ding kfn}nza and er N30 ) e

(ﬁ 3930 for iarbitrary maximal sets does not have). This is

the reason why not all maximal sets are effectively automorphic,
. . o)
2) The property 1~ csan be weaken. We say that a arrvay_ \K )

nzo-
,§_§£§§§§m§w, , if every r.e.set is 2 combination of elemenus
of éﬁn;n>0 by unions and intersections (mod Finj. It is
(4
. *
> By g 3 . a~ ) i B and- ‘H’ . e o~
sufficient to claim that (Jn)n;o nd - n}qgg generates £ .

We shall not work with skeletons but with arrays which generate

o
@
r
The proof of the automorphism between A and B , il.e. the
N
. () L
cggstruptlons of the arrays { n)n>o ’ ivn)n>o , ivn)n;O'?
(Gn)q>o is dlv1ded into two parts which are formulated as
JERA Y
Theorems.

Tirst we glve two definitions necessary for ithe Tlrst Theorem,

.

Let X be a coinfinite r.e. set. & recursive array (Uf}n>o is

— R .1.'_,
called ¥_-_complete if for every n U, 1s Tlnite or s U,
and .

LN

(VY roco)( XgY - (An)( K¢ U, A Y, s Y

St s”
Fee?
°

Observe that in the case that X is maximal an array (¥ )

n’'ngo
generates 8¥if e.go (XZn)n7o is chomplete and

wr ¥

Koney = Wpn &5 230 -

\ ursi a 4] is 3 1

A recursive array (Un)nvo 18 neak_ggkggggggg if

(Va)(¥m)( n<m AU,,U are infinite . —b
- % 17 - . .
U c* U, A "n\yum are 1n1_1n1te)o

Theorem 3, %.2: Let and B be two nonrecursive r.e. sets .

Then there are recursive arrays (Un)n>o and (V_ ), ? and
s (V)

a simultaneous enumeration g of all A 5 (U ), 2l nzo
such that

o
B
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199 ‘Jn)nz.s is A - compleie and weak decreasing with
AN Qﬂ ~inflinite for-all n
290 (v }r;ok is B - complete and weak decreasing with
‘ B\V, infinite for ail n
390 pe¥ U, e Be "Vn for all n
00 I3 o = 0 o T & 1
4 a}lgn)fgﬂ (Dgyf)nvn{ g for all n .

Lkii""w%/ “‘x}, / \\/\ w_/ \'-\.‘)./f\‘""' u\’\w’\;’w
4
Remarks. 1. Since we cléaim that A and B are nonrecursive ,

both sets are infinite and coinfinite .
2e A\U is infinite in 1°® means that no set U, covers A ,

aﬂaLGJously for Vn and B

We have the following outline of A and (Undpgo *
— o -
- A —y?#—u A b

{

!

!

;
-~ U »>
-~ } %uh —8
,""t*‘-w-"-u ~»
] --M€---&o§

where eO<.e}<ez<.oo are the indizes of these sets U’n

which are infinite. _

The same picture we have also for B and (V ; %o with the same
‘

indizes e0<e1<e2 Laso o

;he proof of thig Theorem is a generalized version of the proof

of Theorem 2.5.1 o Here (Un)r»o and (Vogn”o must be

capstru ted simultaneous for ensuring 3 » But the construc—
tion m 111@1918 is equal to that of 2.5.1 . The property of weak

 decreasing of {Un)n)o and (V) . makes an additional step
. j L i v N

{ £
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of the construction necessary. But , since we can claim for

U_ and T iith
un angd j]Il W

n<m , U, U = infinite —» (’Yn_ g Um)“Um =g ,
- ¢\ : - ) J

N B J

we find infinitely many x from U,n 4 which we do not enumerate

o

into U, o We can do this and still ensure that A € U, holds.

' J

.;\.LE}I;QB'( and ¥ be states.of the same even length 2n.
Let & Co T meéans that

G(2i) = 1 d=p L(2i) =1

i

G (2i+1) e T(2i41) =1,  i=0,1,2,04.,n~1

and BCB T that

G(ei)y =1 — T(2i) =1
B(2i+1) = 1 &b T{2i+1) = 1 , 12051,2,¢00,n=1
We write BV T if /
(IPNBC PATCP ) | .

Extension Theorem %.%.% (Soare)/So,T74/: Let 4 and 2 Dbe

infinite r.e. sets and

L o
T (3 (173 ¢ - Tt rrave
iJn)m;o s wn)nza » Updn,o o ‘Vn)m;o recursive array

and g a simultaneous enumeration of all these arrays and the
sets A and B .
‘We assume the following two properties :

R
1) For alln

6 ot (4% L \ 2%

F n - ‘j Y P . ;'-;. - T . -
%66) (& ¢ 'n oV, (B g In’ A J, = P .
R T (‘ '-(3 i ;7 : g 1 e SZ\
For every even state & with I6l= 2n we define subsets D%



Let a% be

s+1 ]
(B (2i+1)= 1 e—b xev

fx : () x€a_  NA, A { B (2i)=1 ¢b x €U S)A
3

,s) 0 150,1,00.,n=1) %

and .ugﬁ the get

{x s (R si( XGBSH\‘BS AT (2il= 1 e X &U. J A
( Q(2i+1)=1 o x &V

2) Suppose further that for every even stale §

vy - infinite - (R C)I( &IT ADz is infinite )

(3.7) g . N
Dy -~ infinite —+ (3T)( T) 6 ADg is infinite ).

Then there is a function p b jective between A and B and recur-

-

sive arrays “Vn)n;o and \Jn>n? with

. [ , -

e - ~ - -

&ngvn and ‘fnni_\«-fnn;i

0 el ad U AB=0.nb £

15 [~ i = H 3 &

a &Y, an n N U, n B or al1l n
and
% - s

s10:W'Y Un) = Ba Un
{ 3‘ 8} _! N Lo * o , N N

p BaV) =% AaAav for all n o

Just the proof of this Theorem is long and technical complicated.
An essgential simpl fication of the original prooi in /So,74/
was done by Maass in /Na,83%/ .

The basic idea is to construct two partial functions !fo and

¥,

— A, Yz 2P n

with



with W (&)'=a if =

st(a,l6l) = 6 - ' ,
% EaY
'Y - P 3 3 3 3 T T xr s ., -
where 5t(d,lgl; 18 dﬁflnegﬁay gﬁ,vo,ui,v},ug,gq. , analogous
7= > ™ ¢ T 17 i T
_Lj IOT t}’i 9 o an‘j. dO’VQ,U},VE’,ngan =3

For these both functitions it has to hold

(%.9) dmﬂWOM\T[FJ ~ infinite iff dwﬁw1ﬂiT[53

is infinite

for all § . The property (3.9) means just 3° of the beginning of
this subpoint.

I;T;

By combining the both preceding Theorems we are able to prove

that two maximal setls are automorphic, The first Theorem gives
: L - au : g (RHE

the assumption for the Extension Theorem and from this the

automorphism follows.

Collorary %.%.4{Soare): Two maximal sels are automorphic
Proof: Let A and B be maximal setls. First we construct for

. . 0y o) .
1086 L cursive arrays i Vv nd an
these sels recursive arrays {Jn}nzo eand ( n?n;o_ and 2

enumeration 8, such that for these all Theorem 3.3.2 holds
- We suppose that

(4s) enumerates A

=

&3

o (4ds+1) enumera ”
o0(4s 1) enumerates (Un}naac'

go(4s+2) enumerates B

8,(4s+3) enumerates (V) vo .
Now \ - be ti :
Now lgt (Un)n;o and ‘Vn)nzo be the arrays
g2 : n = 2m e : n = 2m
U =4 ° v =4 0
ks . - ™ n W ¥ » -
ﬁm@% R 2m+l @mnB : n 2m+1
oNF e s
and (V_) and (U_) the arrays

n'nio n'nyo



2m 1 )] Zm+1

w
P

it
S
H

and g the simultaneous enumeration

gles) = g (4s)

g(bs+1) = g0(4s+?}

g{6s+t2) = enumerates Wn nAa

g(6s+3) = g (45+2) ‘*

glos+4) = g (4s+3)

g(6s+5) = enumerates W, nB J .

~ ar - ’

i A 3 % [ 3 F
Then A , ( n'no ? (Jn)naa y By (gn}n;o ’ (annbo and g
satigfy the assumption of Theorem 3.%.3 ( In (3.7) we even

can take % for YT .

Thus (0.5, (V.0 and (U.)__ snd (V) _ satisfy 2°
B o Rnzo ’ n‘nzo n‘nyo n'nyo
and 3 . Since (U.) and (V) generate £%* , we have
n‘n3o n‘ngo
A * R ey 3 o m =z ke A 2“ I3
A% = p¥B" o From Theorem 3,1.4 we get A =pB .

2ok Corollaries and remarks to the automorphism proof . From

the automorphism result and the proof method of this in %.3% it
can be conciuded still further properties of the maximal sets
and other r.,e. sets as we show in this point. Further we give
here a survey of the Theorems which were proved until now by
using this technique,

T (a2 @0 e OO T TEL ) Sl (BT U A Some LG O TS WA SR SR TR Ve TR Y (i KD O I e O SRS Wi Tl oD s e A P o e S by s e M, v i WS S s o

Exactly taken a stronger Theorem as the automorphism between

W

two maximal sets was proved in %.3 . We give here this stronger

agsertion and show to which this is equivalent .

Let X be a coinfinite T.co get . With o (X) we denote the
family of sets
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{Y ree. : Yc*X v.XuY= w} Ce

In ﬁoréliary 5034 it was shown ihat for two nonrecursive
r.e. sets X, and X, the lattices zﬁ*(X}) and 4ﬁf£X2} are
igomorphic .

If Xy and X, are maximal sets then H*(X,) as also LD*(X,) are
skeletons ., Thus in this case the isomorphism (between &D”(X1>
and £H*(X,) ) 1is already en automorphism of E¥.

The isomorphism between £*(X,) and £H*X,) can be described
still in an other way . |
Let

L

be an infinite set, Then Recz means the unary relation

{Y reec ¢ Y is recursive A Y €2 % k .

Lemma 3.4.1.1:  Let X, ’“X@m be nonrecursive r.e., sets . Then

3( g.g}{! y Recy ‘f} = ( g\!!}{@ﬁ lRecXE) Ciff ‘,U*C{.I) g GD*(XQ)O

C

R B om e k. v oo e s coum Mot vbe o el <op v o

which holds in & . This principle formulated in the language
of lattices with smallest element O says

3 % L . N ~ N . .
(5.10) TV ERIAYPEATIC 5V =y v, A v s A
ATp€Xy A Y4V 5520 ).

We 22% that for r.e. sets X, and X, with XyvX, =« the
s y and I, for X, and X, in (3,10) are recursive.
-This 1s used in the proof. of Lemma 3.4.1.1 «

t , since &D*(X1) and 08*{X9} -are isomorphic , we get also
the isomorphism between (le; ,\Recxl) and (szzy, Recxz).
That ElX, = £1X, for all infinite r.e, setés is,eésymto see,
see 3.1, Recursive permutations. From 3.3.4 it follows that
there is an@ isomorphism bemtween S}X1 and g!Xé; preserving

‘the recursive sets .
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3y means of the isomorphism betwesen &0 (X,) and o0 (X, it
an be concluded further automorphism and isomorphism properties

o

in £ .,

a) - Quasimaximal - sets

s

Corollary -%3,4.2.1: Let 31 and A, be g-maximal setls. Then

o - X, ) X, ‘
(3.11) A S g ohy  iff €4 ¥ €74, .
Thus the class of all g-maximal seis of the same order forms an

orbit in B .

Remark. The property (3.11) therefore that the isomorphism
iype of -the structure of the 1r.e. supersets charscterizes
already the orbit probably is true only for the class QM . For
‘a2 big clags of r.e. sets (3.11) is false as in /Ma,3h,S5t/ and
in /He,B83/ it was shown . |

b) Y - maximal sets

A natural generalization of the notion of maximal set is the
notion of W - maximal set .

‘Let ¥ (X) be the femily of all rhé. sets disj’oini with.X and
"ED('X) be ;

{xvy : vyeex)t¥ . .
Since YO(X) is an_ideal in E£(x) y there exists the factor
structure  £(X) . C :

‘~ /‘@O(X) | |

¢ J . T /
. o ! . v e
Definition %.4.2,2: 'A coinfinite r.e. set X is called

B gy S s oD i S S 8 D mas .

Equivalent to this is'the requirement that for every‘ T efx)



YVX €¥(X) or (FZ)( Z€%¥(X) A YuZ =) .

¥

We see easily that a set ¥ is maximal iff X is simple and

¥ —~ maximal .

By using 3.4.1.1 the automorphism-relation between two-
¥ - maximal sets can be reduced to the structure of W (+) .

Lemma 3.,4,2.%: Let 4, and 4, be iwo ¥ -.maximal sets. Then

Rec— ) ¢ A ep— 1ff =
NQ(AW’S{QG‘A?) = (¢ {ag)\,Recﬁg) Iff A E p A, .
In the following we give six classes of ¥ -maximal sets.
By means of 3%.4,2.% it can be shown that these classes are
all orbits in £ .

. The r.e. sets X with ¥ (X) ‘consisting only of finite sets
{ the maximal sets )

2, ¥(X). has a greatest element ¥ (mod Pin), which is an
infinite recursive set (X is maximal in the recursive

N ;\ 7 §\ 4 !

set ¥ ) .

%, €{X) has a greatest element Y (mod Fin) which is not
recursive { X and Y are a splitting of the maximal: set
Xuy ) . ‘ |

T T T8 i O s ot ot W v e . S awe e Yo bt e 1

We denote with @ § - the__wesk product of & . This is the
lattice with the basic set

i fiw-—+§, (Va.a.n)(f(n) =0 ) } .
with the operations : fAg and fwvg defined by

(fag)(i) = fi)lngli) , (fvg)(i) = £(i)vgli) , izo.

We say that W(X)Z®E ____ respectively to_the array of r.e.
sets__ (X ),,, if X, e'eX) , (Xp)hyo 1s disjoint and
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i

Ratd F
@) = g fer i)y re €l ,
T AsQ . ; :

where g. are fixed enumerations of X, i%o .

1 3

4. (X} ¥ ® € resp. to an array of recursive sets

5« ¥(X) & ® B resp. to an array (X )pyo » Where all . X
(4

- except X, are recursive ( X and X, are splitiings of
XUXO which belongs to 4. ) .

6s  Y¥(X)X @ 8 resp. to an array of nonrecursivé r.e, sets .

The last three classes are not empty ', see ' /He,81/ .

B g O 00D U P s By S Yo N S S e WD e g

From the automorphiem construction in subpoint %.3 we get also
2-orbits of € . A class ¥ of €x 8 is a 2-orbit if ¥ is
not empty and S ‘ ’ ' T

(V (X,10 e ¥ )V (K,,7,)e ¥ ) (TFeaut(g) )
If ¥ is a 2~orbit them of course there are orbits O, and

Oy, s sete X €0 x 0‘2 and every product of two orbits
oy x 6'2 is an union of 2-orbits .

We have the following 2-crbits in £ :

i - [T : 8 - M EY LY
Pe {{Mw“"z}‘ 2 M maximal Mo - maximal , M, # Mz}

2a T (R,) : 'R - reeursive, infinite , M - maximal, R} %

3, {(APAZ) 2 (By,4,) is a friedberg splitting of 4A,v A4,
which is maximal }
¢} Hyperhypersimple sets

Between the classes QWM and &% there is still a further:
important class of simple sets.
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ition 3.4.2.4(Post): An infinite set X is called

,.,,
[
i+ ;J

hyperimmune (shori: hh-immune) if there is no recursive

array of disjoint. sets (bn)nao ; Sotle

ivoe
Tl o

¥

(V¥ n)( U, is finite) A (¥ ni( U, nX F .

is re.e,

b

A set X 1s called hyperhypersimple (hhwsimple) if

coinfinite and ¥ is hh-immune,

In /La,68a/ it was shown that a coinfinite r.e. set X is
hh~simple iff 2% (x is a Boolean algebra . Thus we have

Q@ N ¢ XH(the class of hh-simple sets).. The inclusion
HI < DY was proved in  /Ma,063/.

For the hh-simple sets the characterization of automorphic
simple sets is much more complicated as for g-maximal sets,
In /He,83/ it was shown that for every infinite ii%-Boolean

/50,7

1]

T et - ‘-,b - . - . 4 - B - 3
2lgebra o/ (for the definition of 22 Boolean algebra , Se
- . . . . By P ’
{ X is hh-simple : 2 () E oL %

decomposes into infinitely many orbits .
4 sufficient condition that two hh-simple sets are automorphic
will be given in 3.4.% f) .

Sepirecursive sets

A ) i O o e . i tae. e e Ty O W G e T

is called semirecursive 1if there is 2 recursiwe

T Y e . ot Pt S s S i az W

function f of twc variables , s.t. for all x and y

f(x,y) = x or f{x,y) =¥

X&€A V yeh —» f(x,yleh .

There are very many nonrecursive r.e. sets which are semi-
recursive , even inside the class of h-gimple sets as Jockusch

£
showed , see /0d,p.51/ . But no hh-simple set is semlrecursive,

8/



Mertin /0d,p.51/.. Thus

Coreollary 3%.4.2.5: .llaximal sels are not semirecursive .

-.d; Major subsets~
In /La,68a/ was introduced the binary relation (in € )

" ¥ is = major subset of Y " .,

Definition 3.4.2.6:% Let 4 and B be r.e., sets with A€EBE .,

A 1s called major_ subset. of B if A Cp B and

NS

(3.12) (V¥ C rieo)( BvC =w = LuC =%w ) .

Zvery nonrecursive r.e. set hias such special subsets, see
/La,63a/, Let X be a nonrecursive r.e, set and TWIY(X) the
class of all major subsets/af X .

Since (3.12) 1is equivaieht to

(VR rec.)( RSB —p nc¥s )
by the Reduction principle ;, see 3.4.1 , it follows that all
lattices WY are isomorphic bebween each other e+l

. . ; ald
nonrecursive r.e. sets ¥ . foi

An other isomorphism result for major subsets is given in

3.4.% e) .

D s s e T i S O e 2t e ank o O D o o i o I S . e S i It M e e s RS st it roumy HOM sogms O S W vy Ot Wt sn Lo ot Ao TP S e 9045 1t s i o Y
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The technique of the automerphism construction for maximal sets,
therefore the construction of special recursive arrays to which
the Lxtension Theorem is applicable , was also used for proofs

i
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by using this method :

a) In /St,82a/ it was shown that the class of dense simple
sets is not lattiee definable ,

b) In /So0,82/ =an isomorphism property was proved which in e)
was generalized yet.

c) In /¥2,83/ ihere was proved an Theorem which is given in

E 3

8.206 o )

- - . L - ‘ o o .

d) In /Sch/ this method was used for proving a fact which is
mentioned in 9.% .

e) In /Ma,St4 it was shown that all lattices B¥(4,B) with
A major subset of B are isomorphic between each other,

£) In /Ma,84/ the following ient condition for the

£
se

suffici
automorphism of two hh-simple ts was shown :

T h z Ty ] g ./ e P Y 0 e h
Let A and Z_be_hh-simple sets. If -there is a ;433 permutation
D 8

( AV, Y e Xy — BV, (o) *e g¥n)

N ; RN

is an isomorphism , then 4 and B are automorphic .

G T D G W AR W i i oo -——u—.-——-—— .—-m-.—a—c——-—.--——u—-_——-——-—-—-.—-————-—-—-_
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Sin¢e two maximal sets are automorphic ,;t%ere are permutations
which induce and present this automorphism. We will here give
the estimation of these permntab ons . 1n51de the arithmetical

¢

nleraruhy .

Lemma 3.4,4.1: For two maximal sets there is a permutation

from 432 which induces an sutomorphism between both,

« . N . | =

Lemﬁd 2 4.A 2 or two max1mal se»s there is a permutation

Iram za3 which prese 1ts an autom ornhlsm between both ,



The first Lemma uses the fact that the mapping

o 14"

. T TY N N " x .
L}rn Wty n and in smmmarly Jl’} C

is an automorphism and all arrays are recursive .

The second one uses the fact that ithe array

o,

U fr
’ , \ (3n>n30 ,gm
2.5,1 is a skeleton and there is a function ¥ from 25 with
W= U, Further U_ = W, for some recursive function
“n Urn) © ) v n hin) v & :
h . Thus we have C . v {

A ‘ ’¥
W= Upey =+ U =¥y

i

e f{ea)

and hef ezg . Analogeously for the converse mapping .

€

and the maximal sels

e o e e oo o’ . VAT o AT s S AR gy . gy D o BT T i i $TOD OO e TSR e UM < g, TR RN D o RS

t L), be a subclass of £ . We say that .l generates
t(€) if

e Y L

(Vfg’“eé‘mt{@*))((v:{ e 0 J(F¥EM) =¥ —
| o F*¥= 1a¥) ).

TLemma 3.4,5,1: If fL. includes zn orbit of an infinite and

coinfinite r.eo set respectively to Autr(g*) , then {2

generates Aut(€%) .

“Corollary %.4.5,2:+ The class [ax generates Aut (€%) .

Thus , for charaterizing an automorphism it is sufficient to
know how he transform the maximal seis . G

I ¥ N : : R
Let m? ’ M2 ,.+s Dbe a seguence of all maximal sets (respo

to = ¥) without repetition . Then the assignment :

F¥eaut( g4 — PF €S (Sew - the permutation

group of o2 )



an automorphisnm @* with a@*(Mi*} = i‘v‘iz‘* s 1
e

with
. . . ®,.. ¥ .
P i) = Tf (M. ) = M.
§( ) N 1133 § \\.-1 i fJ
is an embedding from Aut(g€¥) into Seo 9y DY 3.405.2

From 59304 we know o
(ViX (Vi) (3 pg ) (Pgli) = § A Pgld) =1 ) .

Since for every Py # Id the set {i : Py (i) #1i} is
infinite , Aut(8¥) is not isomorphic with S o

a

If (MM, e ee, M) and (M],45,...,M ) are sequences of pairwise
not equal maximal sets (mod Fin) , then by 3.4.2.1 there is

-

4

15000,00 &

How is the situation for infinite sequences of maximal sets 7
For srbitrary , infinite sequences of pairwise not equal
maximal sets (mod Fin) in general such an automorphism does
not exist { One éequence$ can COﬁsistg of maximal sets inclu-
ding all an infinite r.e. set (mod Fin) , but the second one

is not so )} .

Exists an automorphism if the sequences are recursive arrays 7



One of the most important basic notion in the recursion theory
is the.notion of the reducibility . '

A reducibility is a comparison of two objects { e.g. sets of
functions ) respectively to the complexity of their calculgtion.
We say that the set X is reducible to a set Y respectively to a
regarded . measure of effectivity.if ¥ has a higher level of
effectiviiy as Y respeetively to the given measure,

We give here a precise definition of -2 reducibility and briefly
a general introduction in this tobic - In the points 4.5 and 6,
there are given detailed results of special reducibilities and
their ccnnections to the maximal sets .

o s e G S G TS T T D i o H
R : N Coe oo

A binary relation < in ®(ew) is called (abstract) reducibility
if these relation is reflexive (i.e. X ¢ X for all X € 2 (ew) )
and transitive ( i.e. X £ ¥ AYE 2. — £€,2,

r
X",;Y)Z Q@(w)) o .

4 reducibility = is called effective if from £, Y
it follows that there is a(n) {(effective) algorithm by means
cf it and the informatigns if neY or not for an arbitrary n
the set X can be calculated { i.e., that for every number X it fep
can be decided if xeX or not ) . ) \

(A precise mathematical definition of the notion "effective
reducibility " will be given in point 4. ) .

A reducibility < 1is called arithmetical (or describeable)

e o xS B . - T—_— o . . o ot T o o

/

if <. has an arithmetical definition in T.° ( M°
(W, + ,+ , %, '",0,%w) y &) - the standard model] of the
second order erithmetic) , i.e., there is a fomula @ having

i

only quantifiers over numbers S.%.
A 3

X 5,7 « N° g @lx,v] for all X,Y €3 (e ).

- 68 -



Af ¥, is a reducibility then the relation L= ¥ which is

defined by Ais ¥YAYL X isian equivalence relation. in

P(ew) and the faf‘mr struatur@ (?(Cﬂ)/, ' S p/ ) is
= r

a partial ordering . We denote this ordering Twith &
The eguivalence classes are called r-degrees . For the r-degree
to which the set X e P (w ) belongs we write [X]J,. . If ¥ is
a subclass of P (w) ‘then dg, (%) denotes the degree class
§{K3r : X€X] .With O we denote the smallest r-degree ., That

is the r-degree consistihg of all recursive sets. .

i e e e i S X g I oo P A e OO S . T e i 20 I e RS i S 5z s 0

We regard in t 1is paper the re uczolu_tw es not in 5enoral but
only restrlcted to the r.c. sets { and sametlme& also to the
AE sets J o

o o

¢ B3 ) a n )
If S is a reducibility and d a ra-uegree then d is called

gigi_gggree ( d is an r,e. r-degree) if d includes an r.e. setl,
With @’r’zﬁ.e we denote the restriction of &’r to the class of
r.e. r-degrees and with Q%’,Ao the ‘subordering of Q,r consisting
of all r-degrees with Ag éé’t% ‘ |

Bince recursive in 453 remains Ag ‘for effective reducibilities

@r,AQ is an initial part of Q’r - But Q,r o is only a
3 o t
subordering of ”) ,Aa winch in general essentially differs from
R g0 - 2
i
T &2

A certain r.e. set plays an important role in the analyse of
AN and Q, sa0 o The ree. set {e : W (e)}y is called
r’r.e, 47 ; e

creative_set 'and i8 denoted with X .
The importance of K follows from the property that every p.e, *
sel 1s)reduc1aie tc X respectively to all reducibilities treated

~in this paper . . ) . -
' |

Let S b‘e a reducibility . A set X is called r-complete if

w

¥ i's r.e, and every r.e. set ¥ is r-reducible ta X

With Oé we denote the r-degree of rmcompleta sets. and call it
the complete r-degree, *rom.abovc it follows that K e@% for
all7s:r and thus the r-degree O£ exists ( is not ‘empty )

In general O} includes also glg sets which are not r.e. and
for different reducibilities the classes of their complete sets



do not coincide, @; is the greatest element in () (but
not in a for all €_ ) ¢

ks
Az

TP, 2

J

u‘”m‘r....a..__-_s—.—_.h..r_.o_..-..——,..—m..._,..-,_—._,.

In the fo ow1ng points the conqectlans between bhe redu01b111tles
and the maximal sets are, 1nvest1gated
ﬁhls topic an be dlv1ded 1nto four p01n of view,

10 Let given a(n) (effective} Teducibility €p -

- What can said about the partial ordering Ofvrmdegrees with
maximal sets 7

-~  What is the position of the r~ﬁegfees with maximal sets

inside @, . and Q. ’A

P ‘ )
2 rT‘he cnaracterlzauloq ‘of the &aea gsets r-egulvalent to a
maximal set { i,e, 4 X r.e. : X = ’i} M - maximal )

s
A

At this in particulary the maximal sets My , M.y with

ET i 55 N e . j

Auag e a--a2 &
3 X \ . D - . . ¢
SQ Ior the maximal sets M‘ amd‘mz with M1=r“$9 o characterlze
the reduction algorithms for I, < p o and M, € MQ .

&
4% The comparision of two reducibilitles and the role of the
maximal sets at this o foL |

{

Let < . and < be reducibilities . We say that €

v s . is
1 Ta. T T 7T
sironger then & . "if
T 1
(VEINWVIN (X g T X 5 Y ) S .
. Ty \ T : “
1 2 :
Suppose <, is a stronger reducibility as «ﬁr . .
-~  What can sa%d about s, and € inside the d1ass Max 7
- Let d be a ~degree o% a max1ma§ set. Then inside the
- 1355 of ro€o sets in 4 the sam@ analyse as 1n 19 , 2°

and 30 can be provided , :

— ‘What pansalu about the r, mdeﬁrees oi max1mal sets 1n31de

Glr’roeo wnen all max1mal sets are 2~aqu1valent T

i
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We begln the 1nvest1gatlons of the re1atlonshln between the
redu01b111tles and the maximal sets with the Lurlng reéuczbllityc
This reducibility is the most general (effective) reducibility,
since for calculating the set X any algorithm can be used,

Few Theorems aboul the maximal sets.and their relationship to

the T~reducmb111ty were shown. But we shall see that the
T-reducibility.i® complicated not only inside all r.e. sets but
also when we resirict this to the class of maximal sets. At the
end of this péint the T-complete maximal sets are still separately
investigated.

4.1 Turing -~ reducibility and jump classes
4.2 Turing degrees of maximal sets’ v
4,% lHaximal séts with special degree properties
4.4 Pragtly simple sets , ﬂlbh degree splittling
4.5 Cfitéricns for Turing completeness of maximal
, _sels
\ - <‘ ‘/
¢ ¢ J e\ y
4.1  Turing -~ reducibility and Jjump classes . hWithq{@zig;o

. we denote the  standand f-array of all partial functions

recursive in A . This f-array has ihe representation

A _ e
. L@:(X Ja g e— (Fz)R(6(8,z),e,x,y) ; ,
: » L
where R is some recursive relation , see /Se,67/spo 1Tt ( and
G’(A z) =& A B = - §'(4,2) , see the Introduction )

Definition 4.1.1: We say that X is Turing- reducible to ¥
(shortky ,6 ¥ is T-reducible to Y , Xlsigi’) if Cy is equal
to g for some e o

With {h § we denote the standard array of all sets recur-

n?g



N

A Y,
sively enumerable in A, hence ‘W; = i§<1 1§i(X)J} o =
& erties of the T-reducibility and in particulary
of the r.e, T~degrees can be found esb. in /S0,83/ .

The investigations of the T-degree of the maximal sets were
begin with the proofs that there are as well as T-complete
maximal sets , After this Martin gaves a complete characteris
-zation of the T-degrees of the maximal sets.. .

We call a simple set S effect1ve1¢ simple if

B e

.

(3 g rec, fet)(Well We €S P !Wel s g(e> } o

-

a

. N t
Lffectively simple sets are T-complete as in/Mat,66a/’ithis
shown. We show this later in subpoint 4.5 ,

IT we replacé‘im Theorem 1.1.2 the requirement (1.1) by

W =@ )

(Tn)( (Fe)( eecn A nm (n}ea’
g,s
v(l)nSI) ) ©

A
v(3 1){n<1l A W(n%n) n,s) < W{m

Then we get an effectively simple maximal set, /Ya,65/ ,J.g is
in this case the function g(e) = e+l , and thusg a~T~complete
maximal set. / |

. By a suitable combination of the Friedberg-Muchnik technique,

see e.go. /5h,87/ p. 170 and the Friedberg's maximal set
construction we ‘can construet two maximal sets with incomparable
T-degrees , see /Sa,64/ . These both maximal sets are of

course not T-complete .

N
cot
s+ o

e

”h@ complete cnaracterlzatlon of the T—ﬁegrees of the maximal
sets will be done in suhoo*nt 4.2

Denote with A' ( or also X% ) the Qg@g of A ( i.e. the get

{x : x:eWi ¥ and with 4a* the jump of the degree d , For



- T4

details see /Ro,§1%.1/,

With d{n+1j we denote the degree’ { alt®l oy o ﬂia) =d ) .
3 : .
Let
BT = {d:aso aa®)=olnrt)
and

e

L, = ia

o B

o N
My = n i ) 4 *
The degrees in JH™ are called n-high and the degrees in L
n-low . For 1-high and 1-low we say shortly high and low respeciiwl-

e e - naee 0w

Trom the definitions it follows

, 1 f :
{4.1) HaH SEHQQQ“ 3 Q_GE&\}E&QS???
;
~and that 211 classes ?w!? and,i"iz are disjoinit for all n and m.
i

t is,well-known that all inclusions in (4.1) are proper even

b=t

pee

f all classes are restricted to, the r.e. T~degrees, Further

i
is known that the class M equal to

fda : dag0' A ae\ I A ae VL ¥
B L83

RO

is not empty , more includes even r,e. T-degrees , see /50,78/.

rator :

"Thus we have the following scheme about the T-degrees below O
pe

by meaning of the jump o
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In the following we say shortly n-high and n-low for T-degrees
which are n-high and r.e. and n-low and r.e. resp. , since in
this paper we are interested only in these .

< “ N B

he Introduction are nearly connected

ey
-t
s

The zkg sets defined
wilh the T-reducibil
It holids for setg X

X is AO in ¥ iff X«
see e.g, /Ro,p.40%/.
Thus in particulary a set X is é&g iff X 1is T-reducible to

K o This , not difficult to show ; basic fact is oftenly used
in the Recursion theory .

4.2 sur1ﬂ§ ~ degrees of maximal.sets . | qy using the. jump

operatar , more precisely ithe Jump class }4 the T—-degrees

of the maximal sets can be characterized, 4s we shall see the
notion of dominating functions introduced in point 2.2.2 plays
here the fundamenial role. This connection between the
T-reducibility and the dense simple sets was shown by Martin in
/Mat,66b/

.}

Theorem 4.2,1 (Martin): Let d be a T-degree ., Then

0t g @' iff (F F) fet)( £ is recursive in 4 A
- \ A f is dominant ) .

Corollary 4.2.2: The T-degree of a dense simple set is high
8 L

Proof: If ¥ is dense simple then Dy is dominant, see 2.2.2.
Further XET Pz Tor every set ¥ . Thus p}‘;:' is recursive in
EX}T and dominant , By Theorem 4.2.1 we get 0QO''g 7 [X}% .

ince ¥ is r.e. , [X}h<; 0'' . Doth together gives O'' :[X]é .
Hence [X]., is high .



Corollary 4.2.%: The T-degrees of the maximal sets are high,

n " strongly dominant " also implies an

o
‘special T-dégree property which:we give in subpoint 4.5 .

3 ) E

¥nowing that all T-degrees of the maximal sets are high it
& g

.

arises the questlon if all high degrees include maximal sets 7

>

*®

«Every high T-degree includes maximal

Theorem 4.2.4 (Martin)

sets -

Corollary 4.2.5 (Martin) A T-degree includes a maximal set

(3]

iff this degree is high .

- E

&

Remark., The T~degrees of h-simple sels
e s

except O , Dekker , But the h-simpl etg constructed there are
21l co-retraceable , see /Ro,p.206/ and ithus not fs9Y¥ , by
2.,4.1 , 1) . In /S0,83/ it is shown that all sets of

s ¥ also have high T-degrees.

4,% Maximal sets with special ‘degree properties . . From

Corollary 4.2:5 it follows that the T-reducibility inside the
clags of degrees with maximal sets is the same as inside the
class of degrees with dense simple sets and this is (%4lﬁs;T) Z
is very complicated and an extensive topic of investigatiéns
for i1tesell . - - - <

The high dégrees wére'already analysed in several papers. Here
we mention only ‘few resulis about it which were "shown Dy

constructing special maximal sets ,

[ a
ot g e o o s e i i P S e g WA VAR Cede W O o K s T e

We say that two degrees 2 and b form a minimal pair if a # O

gt Y s ot W S N R K N TS 4 e e RO e T e
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and b A0 but aaAb =0 ( & and b are bounded downwards only
by{:};)c

Theorem 4.3%,1 (lachlan)/La,66b/: There are two maximal sets ,

T

s.t, their T-degrees Torm a minimal pair,

Thus there are even high degrees which form & minimal pair ,
throughout there is no pair of r.e. T-degrees a , b with
anb =0 and awvb =0' , see /50,73/ . Theorem 4.3.1 also is
of interest from the view point of the construction method of
these maximal sels ; see /So,t.a./ .

An other topic in ihe +theory of the r.e. sets is the analysis
of the possible T-degrees of the splitting sets of an r.e., set,
If B and ¢ are gplitting sets of 4 then of course ‘fB]Ttm[C]Tgi:
[A]T . Whal can said more about the degrees of thHe splitting
sets 7 \ : : -

Anr.e. set A is called @mitotic if there is a splitting B and

s, e s v

IS

C of 4, s.to both sets B and C have the same Turlng degree as

Theorem 4.3.2 (Ladner)/lad/: There exist maximal sets which

are mitotic and maximal sets which are nonmitotic .

Closely connected with this is the following notion :

An r.e. setl A has the universal splitting property  (USP) if
for any r.e. set D with D&, A there is a splitting B and C

p D), see /Le,Re/,

Still open is the analyse of the maximal sets under this

of &4 , sets B and D are Turing equivalent (B E

point of view ., Theorem 4.%.2 gives a firsi answer inside this
area,
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Yarczenkov proved a Theorem about maximal sels which is such
general that it holds for all reducibilities regarded

1
‘paper and thus in'particular‘also for the T-reducibility.

Theorem 4:%.3 (Marczenkov)/Mar/: If d is & r.e. T-degree with
a#0 and g # 0' , then there is & maximel set U s.t. tgh and

Il are incomparable .

o v
\

In the next points 5 and 6 in corresponding places we shall
refer this Theorem and that what is said before it.

4.4 Promtly simplée sets , high degrée splitting . In /Ma,82/

ntroduced a new notion which was deviced similar as the

t,..ﬁa

lVaass
noﬁion of effective simple set directly from Post's simple set
construction. This notion is the third after the investigations
in 235 nd 2.6 which produces a connection o@twecn r.e., setls
and CHU&EPat*OﬂS of roe. setso Above all for tna ?na¢dse of

Ts.e. =3 egrees this new natlen snewed up usefull.

i
£ i £

) 3 £3

Let S be a simple ‘set and W  infi inite . Let £ be a simultaneous
enumeration of {W eyo 2Rd hoan enumeration of $ . It will be
analysed the connection between s and t for x with xeW_ \W

e,s8 e,s~1
and X &5, .

Def1n1 ion 4.4.1 {(Maass): A coinfinite r.e. set A is called

1

uromt$3 Slm?‘e ( resp. to the given enumeration of {We§

) if
ebo)
there is & nondecreasing recursive function p and an enumeraitlon

i1

of A ,s.1. for every e3o
v . e e N ‘e .
(4.2) W, is.infinite -—> (3s)(Fx)( x &\ﬁe’s\ﬂe,5,1)ﬂ
A‘AP(S) ) L

Thus for promtly simple sets there exists a recursive function
D s.t. for every infinite We at least for one x:gWé:xa

?
¥ ig enumerated into A4 not later than after p(s) steps, assuming

&



that x cames to We in the enumeration step s .

Promtly 31mple sets are ﬁlmple by deflnltlon. The Post's

simple set is promtly simple , since p(s) = s+1 satisfies (4.2).

Tﬁelfollowing'Theorém shows that the notion of promtly simple

is independent from the enumeration of {W }e;o .
. <o R . C 5,

fheorem 4,4.2 /Na,sh,St/: A coinfinite r.e. set A is promtly

simple iff there is a recursive funétion_f s Seta for all e the

following three properties hold

Wf(e) Ewe
Wf(e)"ﬁ = WenA

e e Y
nwe :c,.s‘lnfmlte ey we\wf(e) Ao ?

- Denote with Pr ¥ the class of all Dromtly s;unple sets

‘RemarkK 4.4.3 . The class ?ﬂ? forms a filtér in €°, properly
included in ¥ ° and not lattice definable . The class
dgT(q'r\.f)J forms also a filter in Q‘T’r e, shot including all
high degrees . See for these all /Ma,Sh,st/ .

Above all we are here interested in the relationship between
Max and S ¥ . It holds

Theorem 4,4.4 (Meass,Shore,Stob): There are meximal sets which
are promtly simple and meximal sets which are not promtly
"simple, ’

The existence of maximal sets which are also promtly simple is
easy to ShDW/o Provide .for all-odd construction steps take an
t,t>e to u‘f‘ﬂ if meW e,s but m nw et =0 o If e is
chosen reqpectlvely to the minimal s w:Lth mtewe g and

M nW,, =8 we gel a minimal promtly simple set w1th p(s) =

s+l . An other argumentation is given in /Ma,Sh,St/.. .

Since not all high degrees belong to dg;r('?*r?) , See Remark 4.4.3

£
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“From Theorem 4.2.4 it-follows that there are maximal sets

which are not promtly simple,-

o . {

T e o g

The questlon if there is a lattice = deflnable class of r.e., seils
"4 , Sete dgﬁ(3€) splits H~{T cannot be answered by meaning
of 31¥5’ since this class is no lattlce deflnable class. It
will be shawn here tnat there is a greater class of r.e. sets
lattice definable and splitting &ﬁl .

o { |
We get a class by generalizing the Friedberg splitting of an
r.e. set . : S S ;1

Definition 4.4.5 (Maass,Shore,Stob): We say that a r.e. set A
has the ¢ Qlltilng property if every nonrecursive r.e. set B

prnrmihaPhuliuuiipeseg <o PURD =iy JRacs-apieae i

has a Friedberg splitting (BO’BT) with BOSAX .

Let Sp be the symbol for the family of sets with the splitting
property. Friedberg's splitting Theorem says that all cofinite
sets belong to Sp . From the defihition it follows that Sp is
a subfamily of ¥ and that Sp is a lattice defihable class

of r.e, sets . ‘

N : R A - o SO .
The class Sp includes all promtly simple sets and all hh-simple
sets  and forms a filter in § . For this and others , see
/4a,Sh,St/ . - S .

J

a \ . J
Theorem 4.4.6 /Ma,Sh,St/: The family Sp \ €% nontrivially
°gplits all classes %4n;and n‘n’ for every:n.21 . . ¢

Remark 4.4.7. Theorem 4.4.6 refutes the conjecture of Soare and

gives an answer of the queStion of Friedman ( Problem No. 60 ,
/mr/ ) if dgf(cfg (x))  for X nonrecursive r.e. set always

ncludes ﬁﬁ’ . Nevertheless it is to congecture that ng(CVQ(Y))
is closed umwards 3 LOT every X as above o
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4.5 (riterions for Turing - completeness of maximal setls . In
this subpoint the maximal sets which are T-complete will be

analysed . At this we are interested in properties and criterions
which ensure T-completeness. It will be shown that there are '
very different properties which implies T-completeness.

For the investigation of T-completeness of an arbitrary r.e. set
there is a criterion with a fundamental meaning. Just by using
tnls other criterions can be proved qulte easily + The following

verj claarly criterion|is the flnal version of iheorems to this
problem , see /So,78/ : k ‘

Theorem 4.5.1 (Arslanov)/S0,82/,/04/: Let A be a r.e, set .
A is T-complete iff '

(3 f fet , recursive in ANVe)( W, £ Weeoy )

( the funetion f has no fix point )

w

'a) Already in p01nt 202 .2 the strongly dense 31mple setls were
'“deflned. The follow1ng Lemma shows a property of these sets :

Lemna 4.5.2 (Tennenbaum)/80,78/: Let f be a strongly dominant
“fmmﬁomkﬁmn‘stfof o S

Proof: Let (o (x) = ("MS)( x €Ky ) o Since @ (x)§ f(x) for

almost all x from K we have xgK 1iff x er(ic)

(mod Fin) . Hence E;sTrf'o

» ) —— @W oo '
Corollary. 4.5.%: Every strongly¥simple set is T complete . -

It is easy 1o construct a set which is maximal and simultaneous
strongly dense simple . Thus we have an easy method for .
constructlng T-complete max1ma1 sets.\
) . N o |

b) The notlon of effectively slmple set deflned in the beginning
of this polnt and modifications of thls are meaningfull for

this topic.



A simple set S is called weak effective simple , if there is

- d— — " — o W A o QO T U St 0 e

a function g recursive in S ; s.t.

(We)( W, ¢ s — Wl < gle) ) - .

The following Lemma shows the connection between weak effective
simple and T-completeness ’ '

Lema 4.5.4 /80;82/: Let S be %_§imgle set, S is T-complete iff

o

S is weak effectively simple .

14 Ay s .
\ Cor+ = ;o : , Ce

Thus weak effective simple characterizes completely the
T-complete simple sets . D

Corollary 4.5.5 (Martin)/Mat,66a/:Effectively . simple sets are
T - complete . | ‘

Thus the maximal set mentioned in the subpoint 4.1 is T-complete.

There is also an itensification of the notioen of effectively
‘simple set . - -1

[ . o

A simple set S is called sirongly effeciively simple 1if there

D e e i e s o=

is a recursive function g , s.t.

w

(Ve)( W, &5 —b max IW (sg(e) ) :

Theorem 4.5.6 (Cohen,Jockusch)/Co,Jo/: Strongly effective
simple sets are not dense simple .

Corollary 4.5.7: Maximal sets are not strongly effectively

simple sets .

Thus there asre maximal sets which are effectively simple , but
not strongly effectively simple , by 4.5.7 .
From this in particular it follows that strongly effectively



” simple énd.effeétively simple are not equal notidns. A further
Theorem on strongly effectively simple sets will be-shown later
in point 8 . '

¢) A further property which implies T-completeness was found out
" from Lachlan . ' ‘

A maximal set M is called effective maximal if there is a

recursive function g , s,t. for all epoc . - - _

(4.3) card({n : Cy (pgp(n) ) # Cy (pg{n+1) ) i)
_ e , e

is boundedvby gle) -

Lemma 4.5.8 (Lachlan)/0d/,p.50: Lvery effective maximal setl

is T-complete .

e < N . .
Corollary 4.5.9: The maximal set constructed in Theorem 1.1.2

is T-complete .- ; .
Proof: The maximal set from l.1.2 1is effectlvely max1mal , since
(4.3) is bounded by a recursive function as in 1.1 it is
“announced . C- SR . '

g ‘ >
Thus already the Friedberg construction gives a T-complete ,
maximal setl \ Lemma 4.5.8 will be remains true also if we claim
only that g is recursive in M .

(S /

We have the following scheme about the notions considered here :
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Thus we have five classes of T-complete , maximal sels , ‘namely

" strongly dense simple and maximal

and maximal " ,

t
¥
"

" Priedberg sets " ,

" effectively simple

" effectively maximsl "

and the whole class " T-complete and maximal " ( egual to

" weak effectively simple end maximal

it

) . The mutually relation-

ship between all these classes is not still complele snalysed o



De MANY - ONE REDUCIBILITY AKD HaXIMAL SETS

Begides the Turing reducibility the connection between the
many - one Qeducibility and the maximal sets was investigated.
To this there are already known some resu%ts which concern
different points of view . Inside this’ﬁobic as a subpoint we
analyse also the connections between the maximal sets and the
one- oneé reducibility , in particulg;gﬂtber!~degrees inside an

n-degree with a maxima2l sets .

5l The m-reducibility and the m~degrees of

meximal sets

5e?2 Reducibility functions between maximal setis
53 Recursively enumerable sets m—~equivalent to
a maximal set _
.4 t-degrees incide an m~degree with a maximal
( set L
5.5 m-degrees with meximel sets inside a high

g ¢

degree

5,1 The m-reducibility and the m-degrees of maximal seils .

Definition 5.1.1: Let ¥ and Y be subsets of w2  We say that
X_is_many - one reducible to Y (symbolically : X<€ ¥ ) if

o Y

4

(5.1) (I £ rec, fet)(Vx)( xe¥X o f(x)eY ) .

The function f in (5.1) we call reducibility function (between
X end Y) . We write X s Y vie £ if i ¥ with the
reducibility function £ . :
Bagic properties of § ,, and others can be found e.g. in /Ro/

or /04/ . Observe that an r.e. m-degree consistis only of r.e.
setg, Thus e.g« ree.-minimal is egual with minimal and below Oé

=
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The m-degrees with maximal sets have an easy to characterigze

position inside all r.e, m~degrees

Theorem 5.1.2 (Young)/Ro,p.3%07/: Let 4 be a nonrecursive r.e.
set and M'a meximal set with A M. then M, A
. . 4

“ v

; ; J ) ny A . . s s
Corollary 5.1.%: The m-degrees of maximal sets are minimal,

Thus the positions of the m-degrees and of the T-degrees of
maximal sets inside all r.e. m~degrees and all-T.e. T-degrees
respectively is extremely contrary . - '

. ' . ‘ /R , =
With the same proof as for Theorem 5.1.2 a more general result
can be proved . o

i P

Lemag 5.1.4:  The m~degrees of ¥ = maximal sets sre minimal.

Remarks to! minimsl re.e, m~desrees 5.1.5 .

e From S5.1.4 1t follows that there are much more miniﬁal

fe2, m— deérees as thome wltﬁ maximal sets , SlﬂCG the class of
@'7 maximal sots anLuaes many further r. e. sets ; see 3.4.2,b).

411 these m-degrees except these with maximal sets includes

only non81mp1e r.e, sets ., There are also minimal r.e. m-degrees

without maximal sets but with simple sets , see /0d,p.62/

2. What can be said about the class of m-degrees with maximsl
sets inside agm’r,e. ? In /Je,Lev/ it was shown that the
~class of all minimal r.e. m~degrees is bounded uuwards only by
Oéie By the result mentioned 1n 40343 thls result can be
improved. The clags of all m-degrees with maklmal setls are

- bounded upwards only by Oé ; '

Eguivalent to this is

=K )) .

=
i

(VX J.owo)((vji n‘»’“"lmalﬁf M Sm x } e
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5.2. Reducibility functions between maximal sets . From

Theorem 5.1.2 1t follows immediately that two maximal sets

N] and MQ are m-equivalent iff there is a recursive permuta-
1 f with p{w z:*?y’iz o It will be shown in this subpoint

g__;

that all other reducibility functions Detween MI and kM? are

very similar to this f> . Further we charscterize the mutual

position of the sequences ( pir (n) Yoy, 2nd ( DT &n} )y 1D
) - . o L Y‘é 4 /4 R

V . 5 M=

the case tnat Al o ¥ e

Thegrem 5.2.1 (Lerman)/Le'70/.j Let M be a maximal set and f

a8 recurslve function with f(¥) n ¥ infinite o Then
f[N = Td|i (mod Fin) ( I - *deﬁtity mapping )

Corollery 5.2.2: If M, and U, are meximsl sets and f, , f,
!

are reducibility functions between iy and i, , s.te I, 1R= f, R.

Let Xg and X2 be two r.e. sets with X}ssm X2 o

We write f,mf, for reducibility functions £, , f, for
. . P D
X, and X, 1f

(3 R, rec.) (3 Rz.reco)( RIC*Xl A Hon Xy =¥g A
; Af\?:f?in RfUR?}C’

Cbviodusly fymf, is an equivalence relation . Corollary 5.2.2
‘says’ that for m-eqgivalent maximal seis there exists exactly

one egBiivalence class .

Lemma 5.,2.%: If M1 and 1 Vz are maximal sets and g 1s a partisal

recursive function with - g(m ._ag “and - g(A } is infinite ,
then M;s 1, { 8lso if g(m]) ¢* My )

o]

y a and b_) be strongly increasing seguences
Let (ap),, (b )nyo gly sing seq s
We sayv th &, and (b ) are ealmost_aliernatin if
Ve say that (a ) . (b ), are almost alter ng
there are numbers n, andg kc s Soto



p—
*

_““ - . 3 C
(V1) 13 <0 4y < 85 404y <0 44y <o
G O G o .

The following Theorem is an intensification of a result of

/

Degtev /De,71/ . ' .

s

Theorem 5.2.4: If 4 and B are meximal sets end A=_ B then

m
~(nj) ) “and =(n) }__ are almost alternating .
( pr(n) )nza az ( pz(n) bso lmost alternating
Let A= B means that p, (n) and ~(n . are
foa. A (py N pyo - 20d (gl ))n;Q re
almost alternating . Then we have
Ax_ B —+ Am.°_ B — dz; B ’ ;

m f.a.
" Both implications are properly already in the class Max .

Remark 5.2.,5. If f is & recursive funection with f(n)3 1 for

all n and A4 and B r.e. sets with

- - card(§x : x€3 Apg(n}$x < pg(nﬂ}} )

is equal to f{n) for all n , then A=q B

This is a good toel for constructing maximal sets A and B with
A=, B but A$ B . We get this if we take e.g« f(n) =2 for
4.

®

11l n ; see later Theorem 5.5.1 .

5e% Recursively enumerable sets m-eguivalent to & maximasl set,

Not very many ie known about the r.e. sets which are m-equivalent
to & meximal set . We will give here an introducting analyse of

these clagses of r.e. sets .

Let X be a r.e. set , ¥ & maximsl set and suppose }{sﬁlwivia o
AT ~ = 1 "’I 4 “-’n‘ it
With S we denote the set £ ({n}) , nyo . We shall see that
the sequence (S ) is an important cheracterizing property

) 543}0
of ¥ .
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We see at once that
i EREE-T-3 7 ‘

X is g-meximal iff (3K)(¥xe)( s | s k) .
7 is simple iff (Vxel)( s, 1<w) | )

s

By using the notions introducted in 2.2 aid 2.% we can give a
description of the simple sets m~equivalent to M .
- . o X . . 7 .

e

Theorem 5.%.,1: If A is h-simple , B simple and B S _ A then
1% $

B also is’/h-gimple . 2

o

Corollary 5.%.2 : 1) In an r.e., m-degree either all simple sets

are not h-simple or all simple sets are h-simple .

o

2) The m-degrees with h-simple sets form an ideal in 5Lm’r o
. & ;&

(Observe that X,Y h-simple =—» X @Y h-simple ) o

Tt is easy to see that every m-degree which is under a m~degree
with a simple set also includes simple sets. Thus alsoc the

m-degrees with simple sets form an ideal in Ghm’r e, °©
{ o H ) i : . ) p&2 € L

/

To it we can give the followlng picture :

<

Jideal of m-degrees with simple
setls

ideal of m~degrees with
h-gimple sets

m-degrees with maximal
‘getls

The simple ; not g-maximal sets which are m~eqguivalent to a
maximal set are obviously not from s%¥ |, since the r.e.

sequence (f x : {ngg,...gxn X, €%y <Xy aee €X <X A

i




contradicts the definition of the elementsiof s,
;The\relticnsh%p between these sets and the cla fo'¥®Y¥is nmore
complicated . . : '
From Lemms 2.1.2 it follows that in the case that the function
nel —+ iSnE is not bounded by a recursive function ¥ is not
from fs¥®¥ , That such sets X exist iéleasy to show .
Iléﬂf-wﬁnES ! is included in a recursive function ( i.e. there
| for nel ) +than

i
-+
b

Hy

is & recursive function g with g(n; =15,
X is Ts¥ , by 2.1.2 . This cannot be generalized to the case
vthat IS 1 g g{n) for neM and some recursive function g , since
there is an X g fsHY | sot, 18,1l ¢ n for'all n3o .

- ( = . ,
Problem: Are all simple , not g-meximal sets which are m-equi-

o

valent to a maximal set autcomorph ?

. . . 3 © . 4 - .y r‘
A generalization of the class of r.e. sets m-reducible to &

©

maximal set ,/ but not g-maximal is the class

(5.2) °  {¥ é‘ETT/’ ;o (Vi (X); is maximal in (wxw ), ¥ .

In the following Theorem it is shown that the class (5.2) in-

B

cludes elements with: new propertles :

Theorem 5.%.4: There is a set A in the class (5.2) , s.t.

(VXGQ E};I<A))((V i)(, (};)i =¥ (ijm)i}“:‘"&a X 2*&32&3 )0

Such a set of course cannot be m-eguivalent with 2 maximal set.

Y

ximal set o If we

by}
(=
Y

5.4 I—-degreeg inside an m~degree with

.

1) is additionally

kol

claim that the reducibilitiy function in (5

injective we get a new reducibility. We egard here this new

rd
reducibility in particular inside the ela ss of r.e. sets

zi”s

-eguivalent to a maximsal set .
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Definition 5.4.%: A set X is called one-one redudcible to ¥

O U o e Gowe o D SN sl o s s S e s e MG SN Emy e P

, symbolically : X £{ ¥ ) if there

( ¥ is 1-reducible to ¥
ie a recursive and injective function f , s.te

(V¥ x)(xedl e— T(x)eY ) »’; ;

«

For our investigations it is Detter to work with a slight
weakening of Sl o

‘We write X .fsf' ¥ if
o 7 B ¢

(B2)(X$,2 AZ=%Y)

and X=YY forXs$]Y aYsyz.
The connection between '&1 and sf can be easily find out .

Let M be a maximel set , X an r.e. set with Xs, U via f and
Y en r.e. set Ys i via g . When holds X S§Y Y 7
) S ) o

Let § = ”1({n§) y nyo and T ‘"1(%n§) , N30 o By using
Theorem 5.2.1 we can show S -

Theorem 5.4.2: If X and Y are simple , then X ¥ Y iff

() | .

X

(Va.a. xe i) mngsr

Remark 5.4.3. (If ¥ end Y are arbitrary r.e. sets m-equivalent
to M then '

X €] Y 4= (Va.a. xeli) tsxlsux; A (3 xeiD
503) ( 'SX! nfinite e (3 X&E’?)

is
( !?x! is infinite ) ),

Interesting in 5.4.2 and 5.4.3 is that the indizes in (S: )nro
n'ng

and (T n>o‘ sre the game if ¥ €] ¥v ( otherwise 5.2.1 would
G .

be condraalc?eé )
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theoretic notiong the ﬁw

=}

or this we define\a specia

5,404t A set ¥

(ViNVM(XGOQi

Since the initial sets are

P

forms & sublattice of

F“’l

difficult.

1.sublattiséxﬁ?’8iv .
A

-

is called

RO p———

Lo

7oA
<

closed under i and W this

If X is a r.e. 8et (X€8& ) , then by £, w{f) we
5 t i {
lattice
frel,  : (Vi)H€X — (Vx)( (x,i)eY )
Let ¥ be a maximal sei, For X eiiin{M} and Y eéf. ey
X %, Y holds if ! } ’
There are columns Z;,...,% ( see 2.3.2 ) , s
. . R Yi
for 7 = Ziv «esVZ holds XnZ =7YaZ end
(3 2 column)( Z¢ U A 2K ). e—n :
(372 column)( 2¢ ¥ A Z€Y )
C Thebrem © : ¢ ) = M <¥
Theorem 5.4.5: {ginw), < )/“i = ([uml /E*{:‘gg )
€
Cheracterization of _( Lul ,_ % S50
The structure of this poset , as it is to con 1jecture ,

1° Interesting is that this poset is even a distribu
lattic This follows from the fact that <.
definable ( even elementary definable) in §. (m}

initisa

(Vyl(ygx —+y€ (X)i

we can characterize by means of lattice
structure of an m~degree with s

L

set

subclass
+ o We denote this lattice with 8

denote the

) §

b
e

tive

is lattice

<

it

©
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O . . + . 5 : :
2% The class of elements of [K n/= ¥ Daving e simple set
BHERLE n/ s DYERE =
correspondences to the subclass of Sin(M) consisting of

all sets X from €y with

Thus (X); is finite for all i¢M . Denote this subclass

-

which forms an ideal with I . We get

| L S SR S L o
( Ein<ﬁ>’s‘bﬁ = fT° ( the lattice of all [}, sets
under inclusion ) .

39 1t e easy to see that for-every Xel

(I,g ) ({vyer : xsv %, <) ¢ .

4° An subclass of I is formed by the following elements :

) — :
J ’ / /o5 J

(4 g rec. Fet) (Vi (Vx)( i¢ ¥ ~—b (x); = fo,e(i)1 )

-

(the sels determined by g , for ig&m ) .

By the maximality of M we get that this sets (mod =% ) are

" linear ordéred by & with the order type

, +
w + gln , w +w) , )
where U] is the order type of the rational numbers ,
+ o . : N s
W o+ w2 the order type of all integers and [Q( -,-)
the shuffling operator . |

But this is only a weak characterizstion , since there are gtill
ents bounded by & recursive

=3

elements of T laying between the elen

function. R S R

i-degrees_of “ - maximal_seis

P e e [ e Y

Since maximal setgs are simple , the i-degrees of maximal sets
ie

Ty

are not minimal . But
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Lemms 5.4.6: If & is € - maximal , not meximal then A has
a minimal 1-degree .

Thus in particular if (A,;B) is a Friedberg splitting of AwDB
and AwvDB is maximal , 4 and B have minimal l-degr
ing Theorem 5:;2+s1 it can:easily shown't

le , see also /0d,p.567/ and even incomparable

88 . : ¢

5e b m-degrees with maximal sets inside & high degree . Let

d be a high degree., By Theorem 4.2.4 we know that & includes
maximal sets, In the following we investigate the number of not
pairwise m-equivalent maximal sets with the T-degree 4 . Yates
showed in /Ya,69/ that for d = 0 there are infinitely many
m-degrees with maximal sets.which all belongs to d. A general

QLY
answer fo this problem was given by Lerman in /Le,70/

Theorem 5.5.1 (Lerman): Every high degree includes infinitely

g

many m-degrees with maximal sets.

5
X

s

By using the Remark th

T
®
)
®
W
o
#-
-
[0)]
o
M
} ot
()
}..J
v}
W
i...,J
ke’
3
[®]
Q
Fy
b
3
“~
t‘*
4
L]
\
o
o
:5

be simplified .

Hemark 5.5.2. Hvery high degree includes still much more r.e.

degrees as those with maximal sets. Jockusch showed e.g. in
iJo,éQf that every r.e, T-degree , not recursive , includes
an infinite chain of r.e. m~degrees ( i.e. my R M, € aes
all in the same T-degree} . At most m, can hayCmeximal sets,
oy Theorem 5.1.2 .
The structure of r.e. m-degrees inslde an r.e. I~-degres probably

will be not easier than the whole siructure Gam,r e
4 B e @

for this /0d/ .



Classification of mawimal sets
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flegarding the three binary relations geﬁ, , =n and =
together in.-side the class lax it can be conjectured tl
Tor two maximal sets M, , M, the intersection of

¢

g

n g 7 7 ¥ e %5
ot { M max., @ M Sm fvfi.l } 3 { M max., 3 M .."-‘.‘e £7 rf;p }
h EN b e ° £ <

Ty

@

not empty more includes infinite many maximal seis
PLY 3 <

]

irwise not =¥~ equivalent .

T et
B

OR S
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Besides the both reducibilities and their relationship to the

maximal sets investigated in the two preceding points it was

1

and other.reducibilities. Above all the ti-reducibility is to

£y

also still analysed the connections between the maxinal sets
A
C

mention here . But we 'shall see that the position of the degrees
with maximel sets inside all r.e, degrees is not so clearly

. i - S oo . Coel
determined as before and tne actual knownlegde about it is not

T

complete, Hevertheless few characherizating properties are
known. These results will be stated in this point .

6,1 tt-reducibility , definition and equivalent
formulations ’
62 tt-reducibility and meximal sets
I o J .
-
2

o3 Weak and sirong modifications of the
ti-reducibility
6.1 ~ti-reducibility , definfition and eguivalent formulations .
Definition of the ti-reducibility -

A tt-reducibility is a pair <e, €a;,...,a_>> with o an
) ¥ 17 Py
- . ;. ton -
n-ary Boolean function ( i.e. o ¢ [ I —» I, I =40,1})

and *(33,~o~,8n}5 an n-tuple of numbers .

We can assign effectively and bijective to every tt-requirement
which is assigned to the number x .,

) -

{We say that ) Lol <ar,.o.,an>3> is satisfied in the set

£, if 6 ( Cylay),e.e,Cyla)) = 1 and write in this case

X Bttt ’
j)‘ &

- © < a

1
s 1w

Definition 6,14 Let ¥ and Y be two sets . We say that

L is truill - table regucible to ¥ ( tt-reducible , symbolically:
i< ¥ ) if



(FF rece fet)(Vx)( x€X e=s Yitly 4 ) ‘

v

Remarks. The relation is reflexive and transitive

<
it
/Ro,po 146/ and thus is sn reducibility .
This reducibility lays properly between §, 2nd s, , 3Sasic
properties o

If  tt, = <o, <a},..@9én§»> , then {tt 3 means the set

x

CFhy

£,. can be found e.g. in /Ro/ or /04&/
[ . & - ) .

{al;e.;,aﬁ} .

Oftenly instead o? Boolean functions the +{t-requirerments are
formulated by means of sentential formulas. Since every
sentential formula Y corresponds effectively in a uniqué way
to a Boolean function olw and for every Boolean function ol
we can find effectively a formula tp with o = olyp , Both

formulations are equivalent.

EgulValent formulations of ithe tL*TGdUCllelté

S N o e D e T i G T e s S oo . v St v o T D D T g 2 D ety Tt A ot 2 s Aty e S oo . e s

We give here stil l other “QUlV&Lent formulations to the

tt~reduc1b1¢1ty’. By means of ‘these the position of the
tt-reducibility to other reducibilities will be become cleares.
Further on instead of the definition oftenly in the Theorems

one of the equivalent formulations is used .
> ! RSO ¢

¢ —

. : PO , .
Bo1.2a It holds the following equivalence ; 1ven Dy shoenfield

g

X & Y o> (dF rec. fet)(AP rec., relation)
y Q‘V'wx){(: x& X a=s=P(E (Y,7(x)) Yy 3 .

N voe o

/ ¢ [ [ ; ¢

6.1.3. The following formulation of Marczenkov /Mar/ is a
small variation of 6.1.2 :
Y 4— (I F rec. fect)(3 G rec. foi)

re
(Vi C(x) = (& @,7x)) D) .



Take in 6.1.2 instead of P the ct &chtePlSETC function of P and
place- 1t -for G in 6:16% , The formulation 6.1.% shows good the
connection -with some other reducibility ,see 6.% .

@

6.1.4 This equivalence was given by Herode /Ro,p.187/ :

XE,, T & (Se)évz}( ‘PZ is total A CX; l?

it
Here we see good that <tt is inr]uﬁed into T’ since for
&£ we require additionally that \P is totdl for all sets Z.

tt

.5 An other equivalent formulaetion is given in /Ro,p.203%/.

X‘(tt Y &~ (J T rec. fet)(F G rec. fet){(Vx)
( x €X & (W) (I vi(<¢y, V>EDf(X)’\
EcfoEst))A
T (x¢ X e {aaH3V3(<&V>eQmX)A
D,eY AD, €T ) ) ).
u =
- e !/‘, RN N - o o ;
If we replace in (6.1) " <u,v> €Dp(,y " Dby " Qu,v> €lp(x) "

AL < Y 111 % i N AT . 11 % ) - . I
and <u, vy e‘“G(X} by <.;,v>ewe(x) , then we get an

equivalent requirement for X &, ¥ o

N

6.2 tt-reducibility and meximal sets . If _M1 and ‘izz;z are

"

maximal sets with M, =,. M, then there exists a reductio

algorithm between both \ahlch has & very easy structure as in

/Ko, 73b/ 1*{, was shown .

4

Theorem 6.2.1 (Kobcev): If .%11 and MZ are maximal sets then

i ¢ ;

Mysw E‘JEZ iff M
L1

BN
i

T

o B

wE

Thus in the case M, = M., there exists already a recursive
1788 72
permutation- with (4,7} z*‘ Mo g8e 542472 o
> i (:‘)
heorem 6.2.1 means that the degree [M}tt with ¥ maximal

4 - o] i - " RO . P 5 —~ TV T
includes exactiy one m~degree wiith maximal sets . Thus every



1. C e .
egree from J4 includes infinitely many ti-degrees with

&
maximal sets , by 5.5.1 . Applying 5.2.4 we see that a high

degree includes ev ven en infinite antichain of tt-degrees with

maximal sets inside all r.e. tt-degrees .

e o ioa

roblem : Holds for maximal sets M, and M, even the equivelence:
<
I 3 o3 RE . Wil %3
St‘t s iff ;Jiism lv? 7 e

We give here the already known facts about the tt-degrees with

Completeness. At first we shall see thal maximal sets are not

\ Ao

ti-complete . [ ) N

4 T.eo set X ig ca‘led recursively sea%raole { for short :

L2 S .
‘r-separeble )} if

........—.._...,,..._._...., s s e guxe R O

4

P
b
i
@
o
o
Mt

PN
e ]
i

i
=
—

JEH
b
m

rec. ){ XER ARAY =@ )).

¥ is not r-separable .

@
n
o
=
£
o)
o
ct
e
3—..4
63}
H .
i
bl
o]
2
D
@]
-
v
o
H
¢4
[
By

i e e e s M e S s i o s

Theorem 6.2.2 (Denisov)/De.74/: Tf 4 is en r-separable r.e.
h

en m 1s not r szmplc o .

Corollary 6.2.% {(Post)/Po/: A tt-complete set is not h-simple

Proof: If (B,,B,) is & Friedberg splitting of the ndénrecur—
2200 13 & =i :

sive r.e., set B, vB, , then B, ( a2nd so also B, ) is

sets, But this means that ti-coo

r-inseparable , see /Ro,p.318/. Th‘s tnere‘are‘r-lnsenarable

cannot be huulmale

=
o
}....I
m
d
@
m

)

Theorem 6.2.2 .

net tt-complete . But there are simple

e
sels which are ti-complete , see /Ro,p.148/ .
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Corollary 6,2.4: Maximal sets are not tt-cogpplete .

B

fie next natural guestion on the position of the

Minimality.

T
tl-degrees with maximal sets is if they can be very small. We

shall see that this also is dnpossible. Observe that not every

‘ti-degree below Ofy includes r.e. sets . Thus it is necessary

to distingwish between " minimal and below Of, " and " minimal

ti
among all r.e. ti-degrees " ., Are these both notions equivalent

1)

or not 7

The question if ti-degrees with maximal sets can be minimal
among all r.e. ti-degrees can be answered using Corollary 4.2.2

and the following Theorem : : o

Theorem 6.2.5 {Deégtev)/DE,78/:  If the r.e. set X has r.e,-
minimal ti-degree then X is not high. ’

Corollary 6.2.6: A maximal set has no r.e.-minimal tt~degree,

Thus the t*wdegrees of the maximal aets lay in the

L]

Lo -

inside all r,e. tt-degrees,

- [ >

o o ow
S

Cee oy - C

Incomparability, Regarding the set.of.2ll tt-degrees with
maximal seis as already in 4.3%.3% mentioned a property.follows

from the Theorenm

_Theorem 6.2.7° (MarckanOVJ. If d is a r.e. ti-degree not O

and not 0{, then there is a maximal sét ¥ , s.t. d’and‘fﬁ]tt

are incomparable ,

o i ¢ |

Corollary 6.2.8: The tt-degrees of max;ra7 sets are bounded
upwards oaly by 0f{; ('inside the rie. tt-degrees)

. ./ ) oo J

From Theorem 4. 5 1 follows that the tt-degrees even of two
special ﬂaxlmal sets are bounded down wards only by O ,



Can we find a
high T-degree

o

6.% Weak and

- 160

maximal set as in Theorem 6.2.7 having a given

strong oelflcatlons OL the zb~reuup1a111tv

By relatively’
bility we get
in the class

swell ana nataral mOdlil ations of the tt-reduci-
new redu01b111t1es which are different already
of camplete seta. Thus it is sensfull to investi-

gate the relationship between these new reducibilities and the

maximal setis

o

-—.--..--.—--—0—-——»‘-—-—-.—-«——;-.—---..-—_.

The smallest
an

tween ¥ and Y
It is €8sy to
that i{ttq,

with K*(n R

such n is called norm of the reducibility be-

o

see that in the case X Sy L via £ we can claim
}} I =n for all x , If itte )3 = fay,... ¢

take new numbers ah+1,..e,an and define
&5

&O<i}"lbt’ikk,ik%_"oo/o,in) = aé(i},..o’ix) ‘for all ik+1,"

O,ln L)

Definition 6.

D

s

&

i We say that ZX_is_weak truth-table reducibile

to ¥ ( Xs
[y ( \ wt

function f ,

)

?__._......_._._..__._._..-..,___—.._,_—...__.._......

0

2
L ¥ ), if X€7 ¥ and there is a recursive
4 ) - <5
Sots for every x to decide if x€ X or not we need

only the informations ne€Y or not for nsf(x) , i.e.

Y <
“wt

where R is

An other e

=
o
hado

L ¥ +=— (3T rec, fet)(Fe)( Cyln) =n e
‘ (3y<£(n))( R(§(T,y),e,n0,m) ) ,

. .y (I
the recursive “elablan from 4.1 .

valent formulation to ¥ < Y 1is that for



deciding " x gX " we need only the informations " ngl,., y e
) - 4.

(3£ rec. fet) (V) D, €40,1,...,7(x)3 )

o
[SIN

-

C (Bnirec. fet) (W)l £0,1,..0,x F = Dy y0) F

Ahic

fines the same reducibility.

i
Cb
@

“

Remark. In the definition of X £. ¥ there also existis a
demarg it :

function £ , sit., only ysfl{x) are used for calculating if

X @X .or not-. But here £ in general is not recursive, but only

recursive in ¥ .

The following formulation of swtt in /#ar/ shows the connection

and also the differences with9.${ﬁ<‘; : e

A
4

I2

X swtt

=

— (3 Y rec, fct)(axygmﬁurec. fet)
: (Wx)( Cy(x) = (b (¥; @(x)))) °

Setween all in this paper regarded reducibilities there hold

the following-inclusions : S
¥ ‘
< —— K el ——p . e ) " sl —w’ <m
1 > Sﬁ sstt sni ‘wtt ST 0

At first we observe that Theorem 6.2.1 can be generalized to

<

Swtt * . . ..

Corollary 6.,%,3: Let Mi and ’M? be maximal sets . Then Ml = I

IEE M E ey s o

b ,
Hence every high degrese d in
s

with maximal sets,

K



a degree with a maximal set ineludes only one degree with a

maximal set of a preceding reducibility

" Theorem 6.3.4: Let M, and M, be maximal seils. “heﬂ I
H LA O Pl B £ 44 &
iff a}.{.ag btt jL:;? @
¥ o ’ - k¥ ary 7o + h ~roblem £ & 2
Thus for £ we have an answer to the problem o b.c.

oLl

S

omplete sets . By using resulis on bit-complete and wii-complete

sets it can easily be conecluded from it thatl maximal seis have

not these properties .

That maximal sets are not bitt-complete follows already from the
gsult aboul ﬁt—aompletene ss 6.2.%., For btt-complete sets it

holds even a stronger properiy .

Theorem 6.3%.5 {(Post)/Ro,p.151/: A btt-complete set 1is not

simple .

o - 3 ; . o }
- o J

Theorem 6.2.,2 can be_generalized to Lyt ° Thus we have
. . / 4 J / - A . AN . ¥ i

/

Corollary 6.%,.6: The wtt-complete sets are not h-simple .

Corollary 6.%.,7: The maximal seils are not witt-complete

The m-complete sets and btt-complete sets do not coincide ,
since every wit-complete sei includes even infinitely MaNny To€.
m-degrees , see /0d/ . The ti-completle sets an d wtt-complete
‘sets do not coincide’ , since a wtt-complete sel includes at
least two Tee, ti-degrees /04,p.82/ . Thus all considered

e different already inside

o
H

reducibilities from €, to :$T

the classeg of their complete seits, . L
! |
Minimality. Since not every bit-degree Delow QJt* ndlude

r.e. sets , see /0d,p.79/ we have also here to distinguish

8

ctween " minimal and belo qétt " and " .r.e., — minimal .



mDUCEV)/ o 73a/: Haximal sets have No r.e,-

Corelliary 6,%,9% Let I be a maximal set, Then‘[ﬁ]tt includes

at least two r.e. btt-degrees ( and so at lesst two r.e,

Proof: 'Since M Pcbengov has proved /04,p.79/ that every r.e.
tt-degree 1ncluies a minimal T.e. bti-degres , by Theorem 6.%.8
‘there must be still an other rle. btt—degree o ’ '

Remark, The analogous Théorem to 6,2.7 holds alsc} for 'Syt

and &, > 88 1n 4.3 already mentioned .

Zxcept tﬂm reducibilities regarded here there are many other
whnich are different already inside the class of r.e. sets .
Such an reducibility 1is é.go'.SQ . The connections between
this and Max also could be analysed . Already known is that

maximal sets are not Q-maximal , see /0d,p.49/ . An other
connection between the maximal sets and £~ is announced in

ey

/0m/



7s POSITIVE = CGENERITY AND MAXIMAL SETS

from the set uh@aﬁy , more precisely from the Fafc1nv theory it
was @aken over to the ““Cmrsjhh *beory tue otgen of generic
set and applied tz recursion theoretic 1ﬂveat1ga+10ns Here
we shall morﬁ w*tu a modification of generic sets , done Dy
Jockuseh , ang use it to the analyse of r.e. sets . in this
tion , the

&_h

no1nt we gre&eut ﬂaove all R besides the bagic defi
results concerning the maxwmal S¢t5, The mailn paper for this is
the‘paper‘af Ingrassia /In/ o ueﬁneral for all r.e. sets there

was also investigated by Maass , see f Ta 232/o

For the deflnlflaﬁs and represe ptatlaﬁs of the new results we
use the finite Ol-sequences in ithe meaning Of'iv} mentioned in
the Introduction . We shall see that just the ii? ideals of

finite Ol-sequences and thus the ideal lattice §, have a

PR

fundamental meaning for QAES zonlc o

Tl :E? - rélations with & set variable
7.2 Positive~generic recursively enumerable
setls . ’
Ta5 (m,n) - generic - generic recursively enumerable
seis
7ol 55? ~ relations with a2 set variable . In this sub-
point we will analyse the recursively enumerable relationiwith

setl variables and show the correspond of these with EE? ideals

in 2<%

<

A relationr P(¥X)} 1is rec. enum. if there is a 2-ary recursive

relation R, sc.t. for every X &P (w)
Ea)
P(X) #— (In)( 2(% K,n),n) ,
see e, g. /5e,67/ , p. 162 .

- 104 =



s

~in a uniqué way with an ideal A from E'I by

o - . A . . P O —
.We denote this class of relations with 21 o ° ©
, \

Fas

Telal Ariithmetical reur* sentation of relation II‘Om =

T o K coan wi  WRTY vpge ms $088.

Theorem 7o1.1.1: A1l formulas jof the form

N . R N - - N
o ! 1(1

(7.1) (F'x,)(3 ng"&..’{’a X ) (X, 00e,%,X)

0
1,0

where @ includes only bounded quantifies , give as classes of

sets satiafying (7.71) exactly a1l Z 9 -wpelations .

,110 }

m-—.-.w_... T s T 1045, o e S -——m-—.-... T I s o . WO S D e ey D e

b

@ [«

......-—-.-a—--n-v

All 21 o~relations can be also represented in an equivalent

way as 1d;eaj.s of EI » it holds

N

< - s s =

.

s T . = 0
Theorem 7.1.2.1: Bvery relation P from & corresponds

150

T

(V) p(x) s (_:‘1 n)(f (X,n)&A )

N ~

and for every A€ EI there is such relation P,
(f 7 N

\ \ / T / AN AN /

Denote with 5;‘ ., - the }_attace of all ? o :
. Sh g b -
gether with A and v .
(N = { R P {
Corollary 7.1.%.1: The lattices El o and £, are
¥ e

[

Denote with ﬁg 1 the lattice of all 23 ~ rel%lm
3

—;—\GE\

one set variable and one individusal varisble . Thus
hag the definition : ‘ : e

(W)W ( P(X,x) += (3 0)R(E(X,n),n,%) )

130mor hic

‘w*? th

o



.
i

Let A = {géndw : L E 00V A AES t and gl‘lA{)
the subla*@lce §&€ET : A {;_Ao} o

- ! o . Y . | i
Lemma 7elo3,2: g?”i and - gzj"[§£, are isomorphic ' -
¥

- : 5 1 . T ool o "
Remark. Obsexnve that  §, , end 81 , &re not isomorphie

. . 1y - x’ 3
gince ET cand gXIAO are not lgomorphic .

e I 3 | / { { g
» ¢ eTE v \ /oeoa \ AR i
- ._;‘_‘v) ST .- — \ F ) , P v -

To2 Posltive - generic recursgively enumerable sets . The
notion of positive genric set is a modification of the so-calle

l-generic set . Pirst we treaﬂ the 1-gen erlc sets and get, from

‘this notion the notion of paqzt?vm KeneW1c set .
. : [,;

w a

Definition 7.2,1 : A subset Z of @ 1is called l-generic
if for every P from Ei? o, Polds
; b

. b
o

(7.2) 1P(Z) —+ (32 9NV LEG () — 2(X)

S R D I

/ J

" N
(Z) holds , then of course also

-
Hy
ge
£

&; ZE"<w><VK)< a e&(X) —» P(X) )
what eagily follows from Theorem Tole2el w. . _ _  oi..
is l-generic and A €F{ , then it holds

(7.3) z e orKEQNQEGQUA T[a?nﬂkéﬁ]

Prom this
coinfinite . o )

w \ L - "_ ; k i v
1 AN

" Theorem Te2.2 @ There are l-generic seis

2
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Lemma 7.2.%: Recursively enumerable gets are not l-generic

v SN : \ . .
It is easy to construct an ideal A E:EI y Sete (743) is not
sfie

Thus-the notioh of 1- -generic set is not useful for the nheary

s}

of r.e. sets. This leads to Lhe iollom ng modification :

TS R ‘ ‘ o - . ,
Deflnltzan Tele 4 (Jockusch)}: A subset Z of & is called
if

positive - generic ( shortly , p-generic )
Q .
and for every PGZ1 o holds
.

(7.4) MP(Z) «— ( T H r.e. subset of Zz 3(3 Y finite subset
of Z MV X)( HEXAY €X ., =—b 7P(X)).

¥ / . S <t g o

i -, ¢ . e < ‘ . : .
If Z is an r.e. set , then we can put in (7.4) H equal to Z .
i { . i
Lo A ¢ / B - ©

There are p-generic r.e. sets. But for us the comparison with
the class “Mex :« is/of interest . It holdg - -

;

2 N L C

Theorem 7.2.5 (Ingrassia)/In/: The both notions

11 L4

maximl set

1]

and- " p-generic r.e. set are independent ( i.e. all four

combinations of these notions and their negations are gct/empty&o

3

Te? {m,n) - positive - generic sets . In /In/ the notion

p-generic was weaken o whese weakenslwe canigét when in the
definition 7.,2.4 not all ~Z?Mf relations are taken , but only

S o We shall see that these weaker n@tians are
he analyse of the maximal sets .

meaningfull Tor
oty - . . o
A list is an r.e, set of pairs (Bn,ﬂm} with m r}J =g,
{ The definition of D_ is given in 2.2.4 ). Thus every 1isx L
e

{(ﬁjﬂiﬁ : <n,m» GWEE
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for some- index €30 o ' ' Coe e

e s e e T =

from 1 hold }Dng <k and D 1€l .
With every list L there is connected an Z?—-zdeai AL in the
following way : Let DD ) Dbelongs to L and ge2<% be
* . £ ™ - % - ™
gtf-_mag i“n“"“_ra)_ , (i) =1 H:\léu‘
3(3} =0 & JE€&D .

s the smallest idesal including F[ gl with 4 defined as
b

i e
above { resp. to an asrbiirary peir of L ) .

¢ /

Definition 7.3.1: We say thet a set X is (k;1)-p-generic if
X is coinfinjte and p-generic resp. to 21l (k,1)-lists { i.eo

(7.4) is satisfied for all P ¢ E?kg‘cérreépdnding to 4, (by

The 7el.2.1) and L is an (k,l)-list ) .

Definition 7.

[refpioieeipmeing

s BN

£

.2t A set %X is called (<*=,1)}-p—=generic if ¥ is
(k,l)-p~generic for all k<& . (Analogously (k4,<e'@ J-p-generic
and (<= [ < j.p-pgeneric ) .

Since for-every 2?—31@9&1 there is a-list L , s.to A = é"L ,
(o0, 00 )-p~generic coincides with p-generiec, A

Observe that there are lists with are not (k,1)-lists for any
numbers k,1 ., Thus (<& ;<o j-p-generic and (@, @@ )-p-generic
are not equal each to other by definition .

It is obvious that if X is (k,1)-p=generic and k';1' are -numbers
with k' gk and 1' €1 , then X is (k';1")-p-géneric. But it can
be shown, see /In/ that (1,n)-p-generic is equivalent to

(& nj)-p-generic for all n®1l .

corem 7.%.% {(Ingrassia): 1) All meximal setis are (1,1 )}-p=
eneric . : - .. '
I

) There are maximal -sets which are not (1,2)-p-genric .
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g point we willﬁanalyse‘thecfélatienship between the
maximal sets and all‘other r.es sets . At this we are interested
in particular in the r.e. sets which have no meximal supersets .
It will be given Theorems of existence of such r.e. sets and
. pr gpertles which imply that 2 T.e. sel hag no,mgxim&l superset,
In 8.3 a Theorem is formulated which characterizes the T-degrees

f r.e. sets without maximal supersets. This s Theorem gives an

+

interesting connection between T-degrees of r.e., sets and special
latiice properties of these r.eo. seis

Further wé -analyse the degrees of maximal sets which are super-
~geétls-0of an r.e. set-. |

8ol Constructions of r.e. sets without maximal
~ supersets - . | . \ ; I
8.2, Low and Semilow setis
8.3 Tufing—degrees of ree. sets and the structure
of their r.e. superseis ,
8.4 Reducibility degrees of the maximal supersets

of an r.e. set

8,1 Constructions of r.e. sets withoul maximsl supersets .

After the construction of a maximal set by Friedberg it arised
the converse guestion , namely if there are also simple sels

which have no maximal supersets. In the be ginning of the 60th.
Vartin gaves a con stfu“*ﬁon of such simple=sets.”We beginn the
‘gubpoint with this result. Further it is included & result to

this topic shown by Cohen and Jockusch °

thout maximal supersets we call for short
________ This does not lead to a misunderstanding , since the

o
lattice €% has no minimal elements .

IR ) . IR
Theorenm 8.1.1 (laitls,,x@, . 205/ There are atomless r.e. sets.
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The method of the proof of Theorem 8.1.1 can be used a2lso

for showing many other properties of r.e. sets y €efe

- the class of full r.e. sets is not cofinal in &
- A1l elements of [M] o+ See 5.3 , which are not

g-maximal have stomless r.e. supersets .

3

e

Corollary 8.1.2 (Martin)/Ro,p.306/¢ Bvery coinfinite , not
J 3

h=gimple r,e. set has h-simple , atomless supersets as well as

non h-simple , atomless supersets.

. 3 a

Remark. The construction method of Theorem 8.1.1 can alsc be

i

applied to & greater class as the maximgl sets, namely e.g. Lo tue
hh-simple sets . We can do this if we use the following criterion
for hh-simpiicity of Martin /Ma,63/:

~ N w7 o o

" 4 coinfinite r.e, set X is not hh-simple , iff there
ac

i1s & recursive array of disjoint sets (Sn)n;c sy Sets
card( { n ISH AnXlsr 1) is-infinite " .

«

The relaticnship between dense simple seils and strongly
effectively simple sets was already investigated in 3.5 ., Here
we give a further result to this topic from which we can con-
clude Corollaries interesting also for the analyse of ihe
maximal sets.

w a . ¢

N

Theorem 8.1.% (Cohen,Jockusch)/Co,Jo/: Every coinfinite andg

not dense simple r.e. set is contained in a strongly effective

simple set,

I
Thus every coinfinite r.e. sug

© B . v



By Theorem 4.%.6 1no r.e. supersel can be maximal

Corollary 8.,1.5: GEvery coinfinite r.e. set ¥ has a r.e. super-

set of high degree and if X is not high, then even a T-complete

FD ez S'\EQEPSET,@ 2 . ' : N ER

g r,e. set and DWW is
dense simple.

Hemark, Although maximal sets are not strongly effectively
simpie uhere are aire&ay r-maglma‘ sets which are .

Se 2 Low andfﬁemigew sets . For the topic of investigation of
this point , not as in point 4 the high degrees are of interest
but the degrees lawi and low;2 as we shall see, Since many resultis
shown for 1ow1 or°low9 sels can be generalized to a greater

clasg of r.e, sets , we introduce here these generalizatlons

which are called semilow sets. In this subpoint the definition
of these grealter classes and their relationship to the low sets

will be given .

emllew sets

Let X be a subset of @& , With NE, ( NE - Not
EeN
denote the set {e : W _nX # 9 } end with  Fin

fe : W, a% -~ finite } .

Definition 8.2.1 (3oare): A gset ¥ is called Semilow, if  NE
“““““““ F19
o R . . ; o
“belongs to 4,5 , »b,em.}_l@w] - if Fln}, belongs to Eg 1
£ T e e e s e o '
= =y ' - » - - {
Semirlow 1 Fin, bglongs to z}f . - v .
N~~ -42“ L :}
- ~ N . ¢ / ok ~
for the class of g,mllawx we use the symboil SLX sy X = 1,1.5,2,

Fa

Between these three classes the following (proper) implications



VEery e s obviously semilow3 o Thus only the
classification of the complements of r.e. sets is significant.

~Let X be a toinfipite r.eo set. Then Fin® always belongs to

g and NE§ to g'. Thus we have the following scheme :
NE= Fins

e A e s D T S ) Ly R D b AR . LIV SO RO 4300 e <Eme UM s MR (T RO S D O R v TR

% for every co-

% SL,
o o
2 PYi.s5
o] y
A3 SL,

Observe that for every coinfinite r.e. set L Fin% cannot be=-

0 . , 0 . s e
longs to é&z , since every §£2 set is m-reducible to Fing

2y
ex)
=
iy
i)
e
=

Re .  FProm Theorem 2.6.3' 1i follows that the class of non-
speedable sels is Just the cla SLI o

¢

e B £ wd

infinite r.e. set

The £ 110w1n9 Theorem shows tnat tu@“% are very many nonrecursive

r.e. sets wilth the complement 1n SL,I :

~

Theorem S.2.

an r.e. set with



Comparision between low and s
The cliasses ?ow1 and “low
connected with the classes
holds
: S
E‘J _A C"L Th
-1 e B
A1l here rega ried classes o
way . For this , besides th
still the classes NE = {e
TRa 1 2 ey M
Fin. = e+ W _is finite
T N
L1 : NE Sy NE
SL1 : NE,{ST NE

For more details.of this ch

Thus we have the following

L] L m——p SLl
| I R
Shy s
l
L —p SIL

A

‘,-—_—--—-.-.-...... i IR g SR s T ST g SO o

There was proved two Theore
characterize the position o

7

Sy s

e B mine: oy -

SL2

D e o s atiat,

enilo sets

=15

ms on the

f these sets inside

Semilow1 5 sets

E o

2o .
.semllow_seis o
5 ; introduced in 4.1 are nearly
SL§ and ﬁLg respectively it
——gp SLE ? o
f sets can be defined in unifornm
g ¢lasses EEK and Fin. we need
. £ " o k5%
p e - ke
r W, A8}, NET= {e : ﬁe 0%
Y R ke
¥, Fin® = {g : W, is finite}
1 : ¥ "nX < TP I
¥ 2 9 f l S T A lﬂI
SL : FinX < Fin
’ 1.5 R S
SL, @ Finﬁzsq, Fin,

2 ; T
aracterization , see /Be,So/ .
classification :

T ‘:- [ *r"

i.a‘ Lg .L¥2 N Bd

!;——— Max
Zi
which



\T

"""3?‘4""

Theorem 8.2.3 (Bennison,3ovare)/Be,So/: The r,e, sels with

k-4

semilcwi 51 c@mp¢emﬂrt are ﬁat finitely utronglv h-gimple sels .

Corollary B.2.4: Maximal sets are from SL, , but not from
SL? ~ (More precisely , the complement is from SLE but not from
@& 7 —_— -t ma
SL, = ) o i
o

The folliowing Theorem gives a final answer io a problem
investigated in several papers : ‘

hearem 8e2.5 (naass)fﬁa 3%/: Lét & be an infinite r.e. set
Then £(A) is effectively isomorphic to B iff A is semi~

low, . . :
1.5 _ : ;

Corollary 8J2.6 (Benrisdn)/Sgare): &®very coinfinite r.e. setl

with a SQmilowi-s complement has a maximal superset .

Y
4

From 8.2.5 1t follows obviously that a r.e, set from 8.2.6 ha
also always an atomless r.e, superset .

5,3 T—degrees of r.e, sels and the structure of their r.e.

supersets . We show in this subpoint that there are connections
between ithe T-degree of r.e., sels and tme SbP&CLHTe of their r.e.
supersetls. Above all the Pelaflonun ip Oetmeen the T.2e. SUper-

sets dnd the meximal dets will be inv estigated .

a i

E} o a °

The following mheO?DF gives an interesting édegree character

fobe
[N
w
o
bos
o
3

of ithe atomless.r.sg. sets

m 8:3%.1 (Iachlan,Shoénfield): A r.e, T-degree 4 includes

e
an atomless r.€. set 1ff 4 ¢

x’\}
]

In /Ls,68c¢/ it ia shown that the degrees with atomless Tro.eo.:



)

(d

sets belong to L and in /Se,76/ 1t is proved thal every
degrse from Lé includes atomless Te8. setls o
The T-degrees of the ree. sels having cofinal maeximal supersets
also can be characterized .
Lemma 8,%.2: LAk?Qeo T re@ d includes & r.e. set with cofinal
maxinmal supersets If de&H o Do
Proof: The implication e 1g obvious by 4.2.4 . The other
implication follows from 8,1. 3@. L L
Observe that the class of r.e. sets with cofinal maximal super-
sets includes much more elements as @YW or the atomic hh-simple
sets, He.g, the set from 5.%.4 1is such a set , buil not
hh-gimple . . )

: - g - N AN
Lemma S.,%,3: Every r.e. T—-degres d with d # 0 includes simple
seis having atomless and also maximal supersetls .
Progof: This follows 1mmeaLatelv from 8.,2.5 , 8.,2.5 and
_C"’ cl’:“’" . g . . . N
QLI < ’“)‘Lg.5 s -
From the above resulis we get the following summary : .

T-degrees of

atgmless ree.

sels

~degrees of r.es
sets with cofinal

maximal sets

e A Y e B A

Ht

T—~degrees of
simple sets with

-

atomless and maxi-

mal supersetls

e o o siiacn. iy o Als v e et oo

Glffraé.\{gs




B.4  Heducibility degrees of_th& maximal suversets of =
e

ecursively enumerable set . Let X be =z
What can said about ths reducibili
sets of ¥ 7 If X is not simpl a e
appear among the supersets , since ¥ is contained in a coin-

finite recursive set . .

o
1

The-f 110wing?§§asrem gives an answer also for- the-case that X

Theorem 8.4.1 (S5tob)/St,82b/:- ket S be a 553 set , Suppose

(Vi)( i€ § —b W, s no infinite and coinfinite
© recursive set - ).
Then there is a r.e. set 4 , sSot. - -

In /St,82b/ " it is announced that the set A in 8.4.1 can be

chosen to be high . : v .

oinfinite r.e, set 3

¢ i
not every hi ﬁh degree has a representant in £(B) .
Proof: The set {fe : B €W_% ‘belongs to [

and includes not coinfinite recursive sets y 1f B is simple .

By 8.4.1 +there is-a high set A with W Fn A for all W, with
B €W_ . Thus in particulary noe set from £(B) has the same

, hence to §Eg

T~degree as A .

s with the same T-degree as A from
such maximal seis are not supersets of this B .

y effective reducibility and

/3
o
m
4]
i

Corollary 8,4,.3: Let

o

a simple set ., Then there are maximal sets 3y Se.to their r-degreer
r

epresentant in §(B) .
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Remark, For the m-reducibility we have the following property
for nongimple T.e, sets : If for a r.e. set X the m-degrees of

maximal sets in  8(¥) which are co-r.e, ( i.e, NNX is
co-r.e, ) are all m~degrees with maximal sets , then X is al~
ready the creative set. This follows immediately from -5.1.% , 3),

since these maximal sels are m-reducibility to ¥



‘§o ' ;N X SBT3 AYu “aig - SETS .
. . (
A special branch of the theory of recurs 13

002 mane v v T e daem

S
The central problem of this topic is to chara

(o]
@ ot
4
H
§d

{ ) inside the arithmetical hierarchy , 1i.
the classes ng ; Eig or r1§ IS( X ) belon

the minimal index.

Jots
0]

b
g

ot

o/

i

timations are significant from the algorithm - theorstic
nt . If ,s;-;}(%)a?
then we need only weak informations for constructing a

Ongs e.8. to a high arithmetical

<
bed s
@
=
"
o w

0
]

(@]
i....J
ok
o
o

2
belonging to ¥ , but for it , 1t is more difficulil to

decide if W_ is an element of ¥ or not .

The index sel estimation can be done for every class of
recursively enumerable seis defined anyhow, But also the converse
is important . Thus e.g. in point 8 there are already given
conseguences which follow from some index sei properties (see

the definition of semilow sets ) .

In this point above all the index sets of the class of maximsl
sets and classes of recursively enumerable sets nearly connected
with the maximal sets will be analysed .

9ol Recursive approximations of arithmetical relations,
EE;? - complete and T1°% - complete sets

n
9,2 Index seig of the maximal sets and other classes
of recursively enumerable gets
3,% Pairs of index sels algorithmically uniform
separable
9.4 Recursive arrays including all meximal sets

- 118 -
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»

i . |
Z%.- somplete-and -T12 - complete rsets
11 I N ) ﬁ =

index geils s

g neral;«ati@m of the

>
%-J +
o
o]
3
fad
w
ot
ot
i
<

TVISNTIR T T,
ISR l,i..,‘}:J‘.{ i

} plays a

J

Definition 9.1.1 ¢ of natural numb

Z0 complietie “for

wome LY e o o o o
n -

A set X
31

<

I 1f X

ESS

belongs to

© a

<vng§Nafz@m:@w<ney

Analogously the notion of
tf}.% de}. 9, 1. 1

-

in initien in all
th
» Furthe

We see directly from the definition that

sets are exactly the creative sets
and not difficult to
20 -
Y n

thus by taking
§io

-~ complele set ithat f?o
We shall see

n r
O

n.
z . ‘
cal ciass and thus Ein

“

prove that for every

complete sets ( angd t

-~ complete

that the most index setis are

i

t
v g . .

18 the best estimati

- complete . One obvious Dwoperty of
- complete is that they do not belong

Suppose it is given a class ¥ of r.e. sets

IsC¥)

strategy to calculate
&Y

Hecursive approximaiions of arithmetic

EO

consis ts of

ers
102
E I

N
|

Mf{n}éx ) o

ig defined ( where
; o
n is replaced by [I.)
\ ,
o
551 - complete
T 1t 13 well-known

e

nx 1 there are
he coumplement of a

sets exist J ‘.

=°

n
ndex sets which are

-~ complete or

o a smaller arlthmetl—

on for this class .

» The general
two parts .

SR oo oL .
In the first part it will be given an upper estimation of Is(¥)
inside the arithmetical hierarchy , if such an estimation exists
and in the second one a lower estimation of TIS{¥) will be done

4 A - d T, v’ ) v G ; 3
To show that a set’ IS(2) belongs e.g. to z,} we have to
4.
show tlrat there is a formula W(x) in the language of the
arithmetic ,s.t,
(X)) = fe: WArtpleld \
a n d (’z‘? < 'Jhla}s _{“ h e “}Q,Iwm

-
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We see that

{
4

. . -.! ..... - ,.-1 °-"1 ,\}
. 37{3000 VX1QQOVJI 3}(!aoa%:gx{-}sach@x’ﬂ%{){t,os"_t{;:'ﬁ?k{/'j!

]

where Q is Y if n is even anda & for n odd snd W has only

bounded guantifiers .,

Here we use the fact that " xeW_ " end " !Qe(?x)i?’y " can
be defined by formulas of the form N I

ﬂxg.,oaxn X
with X as YW above .
o 3 v - o O > §O . .
To show that ap index sel I from Ein 18 - = complete it is
N it

W T | 0 R r ' ) .
sufficient for every =~ - relation !¢ to construct a recursiv
array (U sot
gty A n)naca ! °
o * E — f . — . N ) N

(V ;(XE-"‘ e+ T E{Wé‘v;' eel ¥ ) .

“ “

o

By -the S__ = Theorem , see the Introduction ', from this the

: mn ﬁ “
Z: ~ completeness follows . ‘ -

While the description of an index set in terms of a number
theoretic formulas in general.is _Le}«atlﬁ«e,@ eas;.ij 3 tue second

Da:m: is the Qomnllbated one .

“TFor this it is necessary to approximate arithmetical relations

by recursive objects ., We give here a rough description of such

approximations

Let T (v,;:?,o.".,x ) ny2 be a recursive relation ., Ly
m anlr\g of R a iurct.z.on )\Z can be defined as follows :

,%/ be the number

EEL A { ,oou,ﬁ»n

max {z . (Vzrsz)(3 yi{ z* +y<s A
AE{(Z,X1>,.0,,\X o Z 957))}

maxf = & 0 ) .

- A, 1s a recursive function
- }\Z is {weakly)} monotone in s with A&(xi,”.gxpm?,o):(}
£l - —



T A+ { - - Y ; T Yo . (- e Y oo
Léet ,\zi‘x} roe s Xy o) be —Ll\mSA HCIPRRREE Supet-) : Az can be
also w2 . - '

. Z, » ra 7 3
{v:{z‘ }(3"‘: ) 9’(3;4003}( éﬁz&n_-.l,}xn) ﬁ‘;.-_:*

e s N % L
- N AZKX1300034{}:}_~2} - w Q&

- ¢

o ;
From this we get the following approximations . .

1° 0 €55, Qi) e @ NWxIxg)RE,x),5,,%)

______ i) e (5 )\,i(_,j) = W ) A_ o

A1) e (V) (B ) (Vig) (Rx,) BU5,%7,000,%,)

o
@]
b
{h -
=3
O
g

Qi) ~— (VR0 A G,x) = w )

i
&
£

° Q€2 , ali) e (Ax(Vx) 3 x) (Vx,) (3 xg)

R(i 3X1 3ese ’Xﬁ)

Qi) #—b &a “)KV&)(ELH Al(E,Kyl) = W ) o

An other possibility of p:):m:sﬂmab on Hs'to construct recursive

arrays instead of ’\z; . Thus e.g squivalent to 19 is to
‘construct a dupple recursive array (Xlg) iyo with X, . initial
tJ
parts of & , sS.i,
o ' . , S
Q(i) & (V2. a»j/(fi =W j.o. - .

{Let X.. be the set [O, A (3) ) with ’\i from 12 )
(3]

In this terms we have , that if @ is from Eg there is a
recursive array (“&n}n:;a of initial "’tﬁw of w ; st
s Q{L) tm—p Y ig finite { .
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Frored
0]
=]
o
4
b

s

8.9:1.2 o 1).In /So, %5/ there are given examples of index

sets which are EEZ w'cgmul for net .
(Let A be en [l - complete set, Then NE, = fe : W nh £ 7}
is Eig;; e bomplete<)_0 Ceceoy o ‘
23 Not-every apithmetical index set is Eig -~ complete or

rii - complete for some n o Z.go {e : W, has exactly ome
element 3§ is z&;g but not from ﬁi? or !}? . See also
/RO,p.424/.; O .

—a
~a

9,2 TIndex sets of the maximal/sets’/and 6Ther classes of T.Ce

sets o We will give'r nere index set estimations of the class of

‘maximal sets’and classes’/of r.e. §8Ls conmnected with this class.
Furtiher by means of automorohisms and reducibilities other classes

of r.ee sets and thus their’ lnﬁex sets cafi Te defined , This
also wikll be described roughly here .

i 7 N s ; - -

At firstgﬁefcélculate the set {e : Wy is maximal ¥ . We see
that We is maximal iff
3 15T X ¥ ] Qg7 - ¥ v
(V f)( W{}, S. 4f " » ( ‘W’e - ??if v J'If' ~-=-V €l ) ) o
Since % LA Q.Wfk" ‘lg []g in e and £ , " we;:**wf " as also
o We =¥ " are Ei% .in e and £ and in f respsctively ,
the relation “.Wéuis/maximal " ois a {}Z relation in e

— -

Wé is maximal § is

[ 22

Theorem 9.2.1 : The index set {e

o 5
T14 = complete .. = . ; - -

Thisi result was announced by Yetes in /¥a,69/.

e

The following classes of r.e. seis are nearly connected with
. . \

a) fe : We is g-maximal of order n. § ,-.n = 1,255 5000
b) {fe : W_ is meximal in a recursive set }
c) {e : W_ is a splitting set of a maximal set 3 o



It 1s easy to see that all these three classes have a
o e e s , - 0 o
Eg - definition . Are thess classes all 5 = complete 7

Index sets of drbits of r.e. seils

s o e o o e S VAD OE s o AP s e K o e et N S ATD s TR WO et U2 N A ke o S R

r.e. set . What can said about the index set

- the orbit §e : W_ is rec. , inf. , coinf. ¥ is & J-complete
g I
war 'f‘}' h 5 + { - fi] 3 T s 3 & 1 3 3 s O - T oo
the orbit f e : W, is maxima is J1, - complete .

From 3.4 we know that the classes a) b),and ¢) above are
also orbits. These would_be ¢

< e

¥
andidates for Eg -~ complete orbits,

s

v

We \,cﬁslly get from Lemma 3.2.2 that the index set of @fff{‘f)

=

(i.e. {e : W Q—'an %} for an r.e. set X belongs always io
L

E% and if two automorphic r.e. sets are already auyomg;;‘phic

resp. to wutAo(E*U then 13( U’e( X)) Tbelongs to E?? for
every X o

.__-..—--—--—-—v—mw—-—-—v-—-m....—._m—-._._w.._..-._.-.

Index sets and reducibilities

Tet ¥ be an infinite and coinfinite r.e. set, It is known that

e : W, E, X1 is Eg - complete  /He,B85/
te : w.os_X ¥ is Zg - complete /Y,656/
e : W_=z,, X} is £Y - complete /0d/,p.753
e ~th 3 ; -
e \
fe : w g% % is - — complete /Y,66/ . .



Interesting is the restriction i
fe: W, - maximal A Wo=q M % :

fodo
o

wihere I is maximal , in par 1ﬂu1av when i

T-complete ,

Hemark. ® The r.¢, seits regarded in point 8 was also analysed
under this view point . Jockusch announced that the set

e : W_ is atomless § is 12 - complete .
ot

9.3 Pairs of index sets algorithmically uniform separable .
The index set estimation describeﬁ in 9.1 and 9.3 can be still
improved . By the usual estimation we reguire Oﬁiy ?or i€Q
1

that U; does not belong to the family F . This can be stil
uelon&s to a family

1
intensified by claiming that for igQ Ui
M , where ¥ and M are disjoint . To this the following def
definition :

Definition 9-.3.1 : «Let X and ¥ be disjoint subsets of w . We
say that (X,¥) disa (&7 MN° )~cam0;2§§_9§£§‘ sif X eZ D
X o ‘ - ; =
v € ﬂn and for every (unary) relatlon Qe ‘2? there is &

&

ecursive function £ , s.to o

- N ;

(9.1) - (V) (xeq =3 f(x)ed ) A (xdQ ~ F(x)e¥) ) .
VL J : Con J . o
I (X,Y) is a | E:n3 f?p} ~complete pair and Z a set from

o
e]
™)

with

Z

and zZ €N g -~ complete . Thus in particular ¥ is ng

and .r\f = @, then Z is Ei; - complete

:30

complete and ¥ f}g - complete .

An example of this kind is the pair (IS(Cof),IS(¥W)) . Tt is

easy to see that this pair is f’EZ%, Ti%;~comylete.o“From this
0 .. : :

we get also :Eﬂ~—‘COLD1€L€QQSSHOf the Index set of recursive
7. T CPEDL

saets

i
[}

The maln Theorem of this subpoimnt shown by Schwarsz



§
(R
T

i

e

chwarz)/Sch/:

+3

15( &), Is(ex)) is

i
4}
g
it
’_J
s

Since maximal sets are not low, these two sets are disjoint,
e (

S(WL) has a ﬁzodefimition.

el

Purther it is_ easy check
The proof of the completen complicated , since this method
4.

mentioned lﬁ point

Renmark. Propefly,oveaanb in /Sch/ a Neakef result was shown,
t . ; O \ ~
namely that (I5{lL),Is (Si1,} is ( Y, nz;—»csmplete. But
there is a remark that this can be improved to the pair of the

Theorem,

From the Theorem 3,%.2 and the commentary afier the definition

*n

3.%,1 we get the folleowing index set estimations

3

R 1Y)

L

3
o
ot
o
W
51
4
O
-3
Ay
[ 13

%: The following index sets :

-

ie maximal 3

(8
=

e 2wy
2) e s W, is hh-simple §
3y fe : We\is‘denseksimpleg‘ ¥
4y  de is r-maximal § )
are all ﬂzmcomplete o

It is not difficult to see that 21l these four classes have s

ic
ﬁ4 - definition, ‘The T-degrees of the first three classes are
igh by 4.2.2 o The r-maximal sets have also high degrees , see
/Le,71/.
( P S ¢

e ) = . 0 - . - \;, . @
The notion of ( §O n )—«»complete palr can be weaken, This

allows to compare also Tnd x sets of different levels ( inside

the srithmetical @ierarchy) o

Let X and ¥ be disjoint sets . We say thak the pair (X,Y) is
. - O Oy .- < o L

ggggg_;%ém;{mgI},“B‘ﬁ,:ggigg; 1T for every § set Q@ there

is a recursive function , s.ts {(J.1) 1is saiisfled .

Lemma 9,%.4: The palir 1@(Eec},?bfwax); is above all { 2,Tig)v
. 7 A e



This Lemms follows from the ol vation mentioned in 1,2.2
: e s o o .
since IS(Rec) has = 5 definition, from Lemma 9,%.4 it
follows that this index get is ;{S -~ compiete .

% ‘.

6]
e
oy
O]

Another idensification/of the usual index set estimation is

w
h
fod s
I
kels
ot
o
O

cursive funcition flwith ©

(V=) (xeQy &= f(x)ed) A (x eQ, + f(x)eY) ) .
Analogeously we can define a _[1° - complete pair .
For 29 - complete palrs we say also creative pair .

!

e see that also 1n this case it follows that ¥ is Eg‘—cam’plete

kt

L= a 4 i 1 " ey

if ¥ belongs to a §n—c0mpiete pair . Another property of a

Eg ~ complete palr is that asuch sets are not smr‘araale by a
- 7 .

A, - set . See for this topic e.g. /Sm/ .

9.4 Recursive arrays including 2ll maximal sets . We invmstiw

gate in this subpoint a topic which is nearly connected with
the index set eS?:.imatign o S
Let given a family of r.e, sets ¥ . Suppose g‘un)nae is a
recursive array which includes all elements of ¥ ' as mbe

Which further r.e. sets , not in ¥ y this array must include

yet ¥ =N
Let ¢ _ and 3('; be two classes of r.e, sets with X, s X,
a recursive arra; We write .« ‘g (U <

: , Ve e rite 3¢, S Wl e

#

/ (Y% %}0}(\3 ny{ ¥ oA (Yn)(F ¥t e 361. A UR:Y)O



1
o
-3

1

—

Theorem 9.4.1(Yates): For every class ¥ holds : ]
Cwith o § ' B

There 1S a recursive array DI
L NerTe 3 ¢ 8 £ reay (‘VZ})HQO

w

iff  IS( ¥ ) belongs to Ej o

Thus by J.2.1 there is no recursive array (Un)naa with
diax & (Un}n?fa & Mex W Fin . But we can give a more precise

svaluation .

Theorem 9.4.2: Every recursive array which includes the class
et8,

Max must have nonsimple sels and also simple , noi maximal s



1,

n

In this point the notion of cohesive set defined already in
ol will be regarded in general , Sinece " the most
re not co-r.e. as we shall see, this considera-

tion is not already included in the analyse of the maximal sets.

101 The structure of the cohesive sets S o
10.2 Classification of the immune sets .

18,1 The gtructure of the cohesive sets o The existence of

such special subsets of w Tollows from the existence of maximal
sets . But if we do not require thait a set exceplt to be cohesive
still has to be co-r.e. , then the proof of the existence can

be provided much more easier even with additionally properties,

Theorem 10,11 (DekKer Myhill)/Ro/.p.296: wvery infinite sub-

sel of W containg a cohesive subset .

. — egulvalence between cohesive sets
e [ U mate e M M gy A e D o, WD at WD L, 1O ety TG Ba e, Svn TR e YU TR G5 gk S R A A S 0 e
Let K1 and X2 be cohesive sets ., We write Xich X, 1f
(Ve X, c* W, — X, c¥® W, ) .

It 1s easy to see that % is an equivalence relation in the
class of cohesive sets ,

Lemma 10.1.2: 1) Every equivalence class ( of cohesive sets )

e
resn. to %, united with Fin forms an ideal in P(w) .
2} TFor cohesive setls Xq and XQ we have X? %, X, or

o ht .
Agﬂ .«2 -

- 128 -



%) An equivalence class resp. to M, has a maximal element

!
/

a
I, J s oo
(mod Fin) iff the meximal “element ls CO=TeCo o

4) There are Continuum many equivalende classes resp. to B, o

Cohesive subsets of 2 gset

e R D e G e S s M O S shast, T hand KD s PN D SEE ks gy <o a0

Let X be a subsel of W . How many (pasirwise) not =, - eguivalent

cohesive sets are included in ¥ 7 Let ¢(X) be -
(,(moﬁ sup {card(%) : ?(m) A {VA €*)( X is coh hesive) A

AlVX, e% (WX, € ¥ )X, #X, — L, #, %503

A .

Lemma 10.1.%: For every X eP(w) holds c( )sca or ¢(X)= 2o o

“ L Cog

Observe that 10.1.3 holds without the Continuum Hypothesis .
Furthér for every ¢f with 0S§L W  or o= Zx" there is a set
% with' c¢(X) = ob . AR | |
Respectively to the cardinslity (10.1) scme subsets of o can

be characteriged

<

X is‘finite{‘ et (X} = o
"X is cohesive de. c{?:) = 1 ’

X 1is g—~coOhesive e c(¥) € &

¥  includes an infinite r.e. set e—a c{(Y)} = 2

X is called general - dohesive ( g-cohesive ) if ‘X is not

©

(Ve)( (W_n¥ is finite or q-cohesive) Vv

e
(W _nX is finite or g-cohesive ) ) .

X 1s g-cohesive i=t=b ¢(X) = & ( But not converse) .

I {
O
ct
=
o]
4]
QJ
e
o
)
)]
]
o
o]
0
{.‘é.
6]
o
[
o
o
=
ot
by
e
s
151
e
A
<]
pots
ty



3 o

(WC « oh651ve}{ﬁzgx —+ (3¢ cohesive)( C %, cra
Af‘(:éy})

-

Lemme 10.1.4: For every infinite set X there is an subset ¥

*

of ¥ which is immune and X'w? Y

w « . <

g = cohesgive sels ;. . ) R .

By using of the g-cohesive sels we get a class of (finite)
distributive ldttlcéq ﬁblb“ includes the class of finite Boolean

4‘\ 3 /s J - /

dlgebras o = | |

B e

‘A distributive lattice§ o6 is called separated fhg,fi/ if in

i !
P

' ¥ the Reduction principle holds .
Tn /La,70/ is shown that a finite distributive lattice & is
separated iff there is a subfamily Tl of | & with,
1° Tl is a tree

, ‘ . y
holds ( xs gy AXSYy,) — ( Y18y A T2 _g,,,y!f;’) .

under the inclusion ( i.e. for x,y.,¥.,€ M
o 2) ] .
2 Every element of M is a finite union of elements of .

- e Ty

Theorem 10.1.5: The class of lattices ( Q[X)* where ¥ is

g-cohesive coincides with the class of all fin ite eparated
4 (e Eee Ul el s SE€T

distributive lsttices .

'

,‘?emarxq The Theorem remains true , if we take only g~cohesive

-

sets which sre ékg. If the ¢-cohesgive get X is co-r.e, , then
by 2.2.1 (& 1 x)¥ is a finite Boolean algebra .

In 2.,% 1t was shown that
: . @M Co=tion = QWU o Co=1-1 = HMax .

For g-cohesive sets this is not so . There are g-cohesive sets



-

of order n im.ai}, which are i-1 and also monotone. This follows
Co=

from the Tact tﬂut mager subsels of maxﬁmaTv sets are -monotone
/%ﬁd,nob/ end from 10.1.1 .
l ‘ 2 { x i)

& o < E)

Py i
HJ Loy v

10.2 C(Clas Slflcatﬁen of the immune gets . It will be here still

~.

given a classification of the immune sets. Thig subdivision of
the class of [immune sets is a combination of that in /Ro/,p.%12

and of that in\/ﬁﬂ@,ﬁo?fow

The following clas szflca ion which contain 14 proper subclasses

of the class of immune se t is complete,

(1) uOﬁesmVersegg in an ® - eghivalence class with a maximal
element (mod Fin) - C S

(2) Monotone s els

(3) 1t sets o

(4) Cohesive sets

(5) r.€._-_-cohesive ( i.e, X ds infinite and there are no
r.e. dots X, 5 %, , disjoint , :{_sz1ux/? , XX, and XaX,
are both infinite )

(6) r-cochesive

¢7) \ d=cohedive / [

(8) g=-cohesive or g-cohesive T \ .

(3) strongly hit-immune {( 1.2, there is no recursive array
(“r}nao alsgolnt and S;AX # @ for all i20 )

{10) hh-immune

{(11) dense immune

(12) h-immune

{13) strongly h—-immune

(14) finitely strongly h-immune

(15) immune ’



~ 1%20= -

) (8 (9 (10)
. . @ Semmennlll g e § il @ mrecnalp O o
(1)~ (2) \\ (1?3\ (12). (1%)
o be g— /OWO
\e, ce‘. & o \a
(3 (5) (6) (13)  (14)

- Observe that the class of dense immune sets (11) even does not
include the class of cohesive sets (4) «. But if we -restrict all
above classes the subclasses having only the co-r.e. sets of
thesée classes ; then we get the fdllawing classification @

(70 (8')  (9%)=(10") (11")

(17)=(4") \ ) \(?102" (15%)
\' i “ el © /,h« W _—. o/

=(31) . (5M)=(6')  (13')  (14%)

where (n'} denotes the subclass of (n) ( n=1,...,15) with the
co-r.e. sets of (n) .
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above all ( Zg, ﬁg} -
pairs 125

almost alternating 86
array

- scceptable ae 4

- &, generaiing 53

- cofinal s, inn 4

pa
- '«‘:*complete 2o 39
- recursive a. 4
- recursive f-a. 5
- gtandard a. 4
27
42
complete a.

-~ strongly
- uniformly a.

.

ra
o A -

o3
- weak decreasing a.

53

sutcmorphism 45

~ effective a. 50
branch &8
csnonical index 26
cohesive 16
- general c. (g-c.) 129
- guasic, (g-c.) 21
- r-c. 31
- TeBo = C, 131
column %2

egree
~ n~high d. 73
- n~-low de 13
- re=d., 69
- rye. r=d. 69
diophantic eguation 15
dominant 273

enumeration 5 “
- simulteneous e, 5
fuﬂuthu

- @%ﬁé)fo 8

- pr13¢1ple f.o of X
é'ériéfiiy:fi 18
feducibility 2. 84
genérating Aut( €%
generic

- 1=-g. 106 °
-.positive-g. (p-g.)
~ (k;1)-p-g. 108
- (<%0 1)-p-g.. 108
- (k,<®)-p-g, 108
— ({ﬂ’(”)—p-g, 108

@

homomorphism 45

immune

o

2%’

- dense 1.

-~ uniformly d.i. 24

a

14

66

107

strongly uniformly d.io

- hyperi. (h-i.) 26
~~hyperhyperi. “(hh-is)
-= girongly hh.i.® 1%1
initisl )

- 1, part 7

- o relaﬁionc 91

~. 1. .8et. 1.

isomeorphism- 45

P - N L

Jump 72
babbioe

G351

24



- 137
lattice
- dense 13
-~ geparated 130
lattic theoretic
definable 46
lexicographical order 7
Tist 107
- {k,1)~1, 108
mejorizing a function
{ 2 set )} 26
Vajor subset 64
aximal 9
- guasim. (g~m.) 21
-~ gffective m, 82
-~ €-m. 60
- me in 22
- =T, 31
- Vem, 18
orbit of x in & 45 L
-orbit 62
order of g-maximel sels 23
palr
e 2; complete p. 126
- TTO “'COIL1€w€ po 126
- (2 n )~complete p. 124
- creatlve P. 126
- minimel p. 75
-~ Do of functions presenting

an eutomorphism 49

permutation
- . inducing an automor-
phism 47

auto-

(m=r.) 84
(1=r.} 930
(tt=ro)
100

- manyvone To
- One-0ong T.
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